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PERILHYH
Sthn paroÔsa diplwmatik  ergas�a melet�me thn mèjodo th
 epitaquntik 
 di�qu-sh
 (EDQ) gia thn exisorrìphsh fort�ou se d�ktua epexergast¸n topolog�a
 plèg-mato
. H mèjodo
 prosegg�sthke me an�lush Fourier gia thn eÔresh bèltistwn pa-ramètrwn gia thn sÔgklish th
. Arqik� ègine an�lush gia disdi�stato anadiploÔ-meno plègma. Ep�sh
 pragmatopoi jhke kai sÔgkrish me thn mèjodo th
 di�qush
(DQ) ìpou apodeiknÔetai ìti o par�gonta
 sÔgklish
 th
 EDQ e�nai mikrìtero
 apìton par�gonta th
 DQ. Sthn sunèqeia me thn sÔgkrish sto ep�mhke
 anadiploÔmenoplègma, apode�qthke ìti e�nai dÔo forè
 kalÔtero apì to ep�mhke
 th
 DQ. H basik prosfor� th
 paroÔsa
 diplwmatik 
 e�nai sthn melèth tou disdi�statouu plègma-to
, ìpou proèkuyan ta ant�stoiqa apotelèsmata me to anadiploÔmeno plègma seì,ti afor� thn sÔgkrish me thn DQ. Tèlo
 ègine èna pl jo
 arijmhtik¸n peiram�twngia thn epal jeush th
 jewr�a
.

JEMATIKH ENOTHTA: Par�llhloi Upologismo�LEXEIS KLEIDIA: Exisorrìphsh fort�ou, laplacian p�naka
, di�qush,anadiploÔmeno plègma, plègma



ABSTRACT

In this Master thesis Extrapolated Diffusion (EDF) have been studied for load ba-

lancing in a torus or mesh topology of CPUs. Closed form formulae for the optimum

values of the edge weights and cpu speed, are determined using local Fourier analysis.

At start it is studied for 2d - torus topology in order to detemine optimum parameters.

Also it is compared with diffusion method (DF) and it’s prooved that EDF’s convergence

factor is smaller than DF’s. In continuum the comparison with stretched torus, proves

that it’s twice better than DF’s dtretched torus. The main contribution of this thesis

is the study of 2d-mesh topology where there are similar results as in torus topology,

concerning comparison with DF. Finally the numerical experiments are in accordance

with our theoretical expectations proving the validity of our theory.

SUBJECT AREA: Parallel Computing

KEYWORDS: Load balancing, laplacian matrix,

Torus, Mesh



EUQARISTIES
Arqik� ja  jela na euqarist sw ton kajhght  mou k. Nikìlao Misurl  gia thnepisthmonik  bo jeia pou mou prosèfere, gia thn empistosÔnh pou me perièballe,gia thn st rixh tou se k�je st�dio th
 diplwmatik 
 ergas�a
 all� kai twn metaptu-qiak¸n mou spoud¸n. Ep�sh
 èna jermì euqarist¸ tìso ston k. Nikìlao Misurl ìso kai ston k. F�lippo Tzafèrh giat� q�rh sto didaktikì kai ereunhtikì tou
 èrgo,e�da ènan arqik� �gnwsto tomèa pou me prosèlkuse kai epijum¸ na akolouj sw.Tèlo
, euqarist¸ thn oikogèneia mou gia thn pl rh upost rixh pou mou prosfè-roun, pou pisteÔoun se mèna, pou me enjarÔnoun se k�je b ma pou k�nw kai gia ti
polÔtime
 sumboulè
 tou
.
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Prìlogo

Sta pla�sia twn spoud¸n mou sto metaptuqiakì prìgrama tou tm mato
 Plhrofo-rik 
 kai Thlepikoinwni¸n Ajhn¸n, sthn kateÔjunsh <<Upologistik  Epist mh>> rja se epaf  me arket� gnwstik� antike�mena ti
 plhroforik 
. Skopì
 e�nai h bel-t�wsh tou trìpou ep�lush
 problhm�twn pou aforoÔn ta majhmatik� kai thn plh-roforik . Proswpik� me prosèlkuse o tomèa
 th
 parallhl�a
, h diadikas�a me thnopo�a ekmetalleuìmaste ìlh thn kainoÔria teqnolog�a gia thn ep�lush problhm�twnpou apaitoÔn meg�lh upologistik  isqÔ
. H prosp�jeia gia na parallhlopoihje�èna prìblhma kai na p�roume ti
 mègiste
 apodìsei
 mpore� na e�nai mia sqetik�apl  diadikas�a èw
 k�ti dÔskolo   kai adÔnaton. ämw
 h anaz thsh th
 bèltisth
jewr�a
 kai akoloÔjw
 th
 kal 
 ulopo�hsh
 e�nai ta sustatik� pou proselkÔounthn prosoq  twn atìmwn pou asqoloÔntai me autìn ton tomèa kai prospajoÔn su-nèqeia gia thn ep�teuxh tou kalÔterou apotelèsmato
. Epomènw
 proèkuye autì tojèma th
 diplwmatik 
 mèsa apì ton q¸ro th
 parallhl�a
 pou me thn st rixh toukajhght  mou k. Nikìlao Misurl  kat�fera na thn oloklhr¸sw kai na apokt swarketè
 apara�thte
 gn¸sei
.
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Kef�laio 1Eisagwg 
1.1 To prìblhma th
 exisorrìphsh
 fort�ouZoÔme sthn epoq  th
 teqnologik 
 exèlixh
, ìlo kai kalÔteroi epexergastè
 ku-kloforoÔn an� diast mata me apotèlesma na aux�netai h upologist  isqÔ
 me epa-kìloujo na lÔnoume ta probl mat� ma
 pio gr gora. ämw
 ìso gr goro
 kai nae�nai èna
 epexergast 
, ìtan melet�me meg�la probl mata Majhmatik¸n kai Fu-sik 
, den arke�. Se autì to shme�o eisèrqetai h parallhl�a ston trìpo ep�lush
twn problhm�twn ma
, ìpou èqoun anaptuqje� arketè
 jewr�e
 kai teqnikè
 gia nama
 bohj soun na lÔsoume èna meg�lo prìblhma me polloÔ
 epexergastè
, moir�-zonta
 tou
 upologismoÔ
 ma
. Parìlo pou h parallhl�a ma
 bohj�ei arket� sthnep�lush, up�rqei per�ptwsh analìgw
 to prìblhm� ma
, na epidèqetai belt�wsh otrìpo
 pou prosegg�zoume thn ep�lush.
Se k�je par�llhlo algìrijmo pou ulopoioÔme, jèloume ìloi oi epexergastè
 nadouleÔoun sqedìn ton �dio qrìno ¸ste na mhn up�rqei k�poio
 epexergast 
 touopo�ou èqei termat�sei h diadikas�a, pou tou èqei anateje� kai k�poioi �lloi na sune-q�zoun akìma. Se mia tètoia per�ptwsh shma�nei ìti den ja èqoume thn anamenìmenhapìdosh apì ton algìrijmì ma
 kai gia autì prèpei na sqediaste� me tètoio trìpo¸ste na moir�zei kat�llhla to arqikì fort�o gia na antimetwpistoÔn tètoia fainìme-na. àtsi èqoume thn ènnoia th
 exisorrìphsh
 fort�ou (load balancing). Ja doÔmesthn paroÔsa ergas�a mia teqnik  gia exisorrìphsh fort�ou en¸ èqoume epexerga-stè
 me diaforetik  taqÔthta (heterogeneous) kai diaforetikì d�ktuo diasÔndesh
.Ja qrhsimopoi soume thn mèjodo th
 di�qush
 gia exisorrìphsh fort�ou [13℄,[14℄.
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1.2 Diaforetik� montèla exisorrìphsh
 fort�ouàqoume ta akìlouja montèla exisorrìphsh
 fort�ou:
• Kentropoihmèna − Katanemhmèna montèlaSto kentropoihmèno montèlo èqoume ènan epexergast  pou perièqei plhrofor�-e
 gia ìlou
 tou
 epexergastè
. Sto katanemhmèno montèlo k�je epexergast 
èqei mia diadikas�a kai qrhsimopoie� mìno topikè
 plhrofor�e
.
• Statik� − Dunamik� montèlaSta statik� montèla èqoume prokajorismèno fort�o sto d�ktuo kai den aux�ne-tai oÔte mei¸netai. Sta dunamik� montèla eqoume auxomei¸sei
 fort�wn.
• SÔgqrona − AsÔgqrona montèlaSta sÔgqrona montèla o k�je epexergast 
 ektele� th diadikas�a topik� kai sug-qron�zetai me tou
 �llou
 epexergastè
. Sta sÔgqrona montèla den èqoume tètoioue�dou
 sugqronismì.To montèlo pou ja uiojet soume e�nai katanemhmèno, statikì kai sÔgqrono.1.3 Algìrijmoi exisorrìphsh
 fort�ouOi algìrijmoi exisorrìphsh
 fort�ou mporoÔn na diaqwristoÔn stou
 pio geitoni-koÔ
 (nearest neighbor) kai stou
 kajolikoÔ
 (global). Oi geitonikè
 mèjodoi bas�zon-tai se mia ikanopoihtik  prosèggish th
 idanik 
 kajolik 
 katanom 
 fort�ou kaiopìte apl� se k�je epan�lhyh endiafèrontai mìno pro
 poia dieÔjunsh metafère-tai to fort�o. E�nai epanalhptiko� mèjodoi kai epidi¸koun na dhmiourg soun isor-rop�a se k�je geitoni�, ¸ste na èqoume kajolik  isorrop�a sto tèlo
. Epeid  aut h mèjodo
 den apaite� na gnwr�zoume kajolik� thn kat�stash tou montèlou, mpo-roÔme na qrhsimopoioÔme pollè
 par�llhle
 mhqanè
 qwr�
 epib�runsh. K�poie
mèjodoi ja epèlegan mia kateÔjunsh, en¸ �lle
 mèjodoi ìle
 ti
 dieujÔnsei
. Autè
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oi mèjodoi mporoÔn na kathgoriopoihjoÔn se aitiokratikè
 (deterministic) kai stoqa-stikè
 (stochastic) mèjodoi sÔmfwna me ton kanìna pou g�netai katanom  to fort�o.Oi aitiokratikè
 mèjodoi proqwr�ne sÔmfwna me prokajorismènou
 kanìne
 kata-nom 
. Gia to poio
 epexergast 
 ja metafèrei fort�o kai ti posìthta exart�tai apìparamètrou
 twn kanìnwn ìpw
 h kat�stash twn geitonik¸n epexergast¸n. Oi sto-qastikè
 mèjodoi katanèmoun ta fort�a tou
 se tuqa�a f�sh me b�sh to apotèlesmapou jèloun na petÔqoun. Oi aitiokratikè
 mèjodoi diakr�nontai se trei
 kathgor�e
:
• Di�qush
 (Diffusion)Se aut  thn mèjodo o k�je epexergast 
 exisorrope� to fort�o tou me ìlou
tou
 geitonikoÔ
 tou epexergastè
. Epomènw
 o epexergast 
 stèlnei èna po-sostì apì to upologistì tou fort�o se ìsou
 ge�tone
 apaite�tai kai lamb�neifort�o apì tou
 ge�tonè
 tou.
• Antallag 
 Di�stash
 (Dimension exchange)O k�je epexergast 
 stèlnei kai lamb�nei k�poio posostì tou fort�ou toumìno apì ènan ge�ton� tou k�je for�. G�netai seiriak� gia k�je ge�tona kaiqrei�zetai na ekteleste� gia k�je ge�tona.
• KateÔjunsh
 (Gradient)Metafèrontai fort�a pro
 thn kateÔjunsh me tou
 epexergastè
 pou èqounmikrìtero fort�o.Oi stoqastikè
 mèjodoi diakr�nontai se dÔo kathgor�e
:
• Tuqa�a
 katanom 
 (Randomized allocation)K�je for� pou dhmiourge�tai mia nèa diergas�a metafèretai se ènan epexerga-st  tuqa�a (sun jw
 geitonikì
). An o epexergast 
 e�nai  dh apasqolhmèno
tìte stèlnei th diergas�a se �llo epexergast .
• Fusik 
 beltistopo�hsh
 (Physical optimization)Oi algìrijmoi fusik 
 beltistopo�hsh
 apeikon�zoun to prìblhma exisorrìphsh
fort�ou se merik� fusik� sust mata kai lÔnoun to prìblhma qrhsimopoi¸nta
 pro-
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Sq ma 1.1: Algìrijmoi exisorrìphsh
 fort�ousomo�wsh   teqnikè
 apì jewrhtik    peiramatik  fusik .Eme�
 ja asqolhjoÔme me th mèjodo th
 Di�qush
, h opo�a dienerge� me antallag fort�wn me ìlou
 tou
 ge�tone
.
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Kef�laio 2H Mèjodo
 th
 di�qush

2.1 Eisagwg Se autì to kef�laio ja parousi�soume thn mèjodo th
 di�qush
. H mèjodo
 th
Di�qush
 (Diffusion) pro lje apì thn fÔsh, melet¸nta
 ton trìpo pou exomalÔ-nei k�poie
 diataraqè
 pou dhmiourgoÔntai. Se aut  thn mèjodo k�je epexergast 
metafèrei fort�o tautìqrona se ìlou
 tou
 geitonikoÔ
 epexergastè
 tou. Gia namporèsoume na perigr�youme thn mèjodo prèpei na montelopoi soume to prìblh-ma. JewroÔme ènan auja�reto, mh kateujunìmeno, sundedemèno gr�fo G = (V, E).O gr�fo
 parist�nei to d�ktuo twn epexergast¸n ma
, me vi ∈ V e�nai oi kìmboi tou(epexergastè
) kai ìtan dÔo epexergastè
 i, j sundèontai me to d�ktuo diasÔndesh
,tìte (vi, vj) ∈ E. Katanèmoume èna fort�o ui ∈ ℜ+ se k�je kìmbo, to opo�o e�naito upologistikì fort�o tou vi. EpijumoÔme na broÔme ton trìpo metak�nhsh
 enì
posoÔ tou upologistikoÔ fort�ou mèsw twn akm¸n ¸ste to telikì fort�o na e�naikat� prosèggish �so. Pìso kalì
 e�nai èna
 epanalhptikì
 algìrijmo
 exisorrì-phsh
 fort�ou to diapist¸noume apì to pl jo
 twn epanal yewn mèqri na epèljeise isorrop�a kai apì thn posìthta fort�ou pou metakin jhke apì ti
 akmè
 tougr�fou. H metafor� fort�ou e�nai ep�ponh kai èqei kìsto
 gia autì prospajoÔ-me na thn perior�soume. Ston algìrijmo th
 di�qush
 metafèroume kat� m ko
 th
akm 
 (vi, vj) tou gr�fou G èna mèro
 th
 diafor�
 metaxÔ twn fort�wn ui kai uj,
τij(uj −ui). AfoÔ epanal�boume aut  th diadikas�a, me thn proupìjesh bèbaia ìti hepilog  th
 paramètrou τij e�nai tètoia ¸ste na sugkl�nei h mejodo
, tìte ktal goumese m�a telik  kat�stash me isokatanemhmèna fort�a, me to ex 
 sq ma:

u
(n+1)
i = u

(n)
i +

∑

j∈A(i)

τij(u
(n)
j − u

(n)
i ), (2.1)
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Se autì ton tÔpo sumbol�zoume me u
(n)
i thn tim  tou fort�ou ui sthn n epan�lhyhkai me A(i) to sÔnolo twn geitìnwn tou epexergast  vi. Or�zoume to di�nusma u(n)th
 sunolik 
 katanom 
 tou fort�ou stou
 epexergastè
 kat� thn epan�lhyh n,w
 ex 
: u(n) = [u

(n)
1 u

(n)
2 . . . u

(n)
|V |]

T . Se aut  thn per�ptwsh to sq ma (2.1) metatrèpetaisthn akìloujh morf  pin�kwn:
u(n+1) = Mu(n) (2.2)O p�naka
 M onom�zetai epanalhptikì
 p�naka
 tou algor�jmou th
 di�qush
 kaiprokÔptei �mesa apì ton tÔpo (2.1), d�netai de apì ton tÔpo:

mij =















































τij , αν j ∈ A(i)

1 −
∑

k∈A(i)

τik, αν j = i,

0, diaforetik�,

(2.3)
ApodeiknÔetai ìti o M e�nai mh arnhtikì
, summetrikì
 kai dipl� stoqastikì
 p�naka
opìte kai h mèjodo
 (2.2) sugkl�nei ìpw
 èqoun apode�xei o Cybenko [3℄ kai o Boillat[1℄. Aut  h mèjodo
 pou or�same sthn (2.2) e�nai h mèjodo
 th
 Di�qush
 (DQ). àstw
µj , 1 <= j <= |V | e�nai oi idiotimè
 tou M kai ρ(M), γ(M) h fasmatik  akt�na kai hamèsw
 mikrìterh kat� mètro idiotim , tìte èqoume ρ(M) = 1 ([1℄ [2℄) �ra h taqÔthtasÔgklish
 exart�tai mìno apì th γ(M).2.2 H mèjodo
 th
 Epitaquntik 
 Di�qush
 (EDQ)Sthn paroÔsa ergas�a efarmìzoume thn prosèggish [9℄ gia na broÔme th bèltisthmèjodo th
 Di�qush
 gia eterogen  d�ktua kai sugkekrimèna gia disdi�stato plègma(disdi�stato mesh) kai disdi�stato-anadiploÔmeno plègma (disdi�stato torus).Taeterogen  d�ktua apoteloÔntai apì epexergastè
 me diaforetikè
 taqÔthte
, kai dia-foretikì d�ktuo diasÔndesh
 metaxÔ twn epexergast¸n. Sti
 [7℄, [8℄ prote�netai miaudro-dunamik  prosèggish gia èna eterogenè
 perib�llon pou qarakthr�zetai apì
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 plègmato
diaforetikè
 taqÔthte
 epexergast¸n kai omoiìmorfh epikoinwn�a. Epiplèon sthn[12℄ jewroÔntai peplegmèna sq mata Di�qush
, ìpou sthn [4℄ ta sq mata di�qush
gia èna upologistikì perib�llon qarakthr�zontai apì omoiìmorfh taqÔthta epexer-gast¸n kai diaforetikì d�ktuo diasÔndesh
. Sti
 [5℄, [10℄, [11℄ aut� ta sq mata epe-kte�nontai gia eterogen  upologistik� perib�llonta lamb�nonta
 upìyin tìso thnupologistik  apìdosh ìso kai sthn taqÔthta epikoinwn�a
. Se ìla ta parap�nwsq mata oi bèltiste
 timè
 twn paramètrwn pou emplèkontai upolog�zontai mèswtwn idiotim¸n tou LaplasianoÔ (Laplacian) tou gr�fou epikoinwn�a
 ektì
 apì ta[10℄, [11℄, ìpou qrhsimopoioÔntai empeiriko� tÔpoi. Wstìsto e�nai polÔ qronobìro naupolog�zoume arijmhtik� idiotimè
. Gia autì e�nai polÔ shmantikì na prosdior�soumebèltiste
 timè
 gia ti
 paramètrou
 pou emplèkontai sthn DQ qrhsimopoi¸nta
 klei-stoÔ
 tÔpou
 ¸ste na (i ) megistopoi soume ton rujmì sÔgklish
 kai (ii) na k�noumepio apodotik  thn diadikas�a anakatanom 
 tou fort�ou lìgw allag¸n ston gr�foepikoinwn�a
.Akolouj¸nta
 mia parìmoia prosèggish me thn [9℄, mporoÔme na broÔme ènan klei-stì tÔpo gia to sÔnolo twn paramètrwn th
 topik 
 EDQ (2.1) me thn prooptik  ìtimegistopoie�tai o rujmì
 sÔgklish
 gia eterogen  anadiploÔmena plègmata. Autè
 oibèltiste
 timè
 exart¸ntai mìno apì thn taqÔthta twn geitonik¸n epexergast¸n kaiapo ta b�rh epikoinwn�a
 twn akm¸n, opìte apaite�tai mìno topik  epikoinwn�a.2.2.1 Mh omogenè
 d�ktuoàstw G = (V, E) èna
 sundemèno
, mh kateujunìmeno
 gr�fo
 me |V | kìmbou
 kai
|E| akmè
, pou antistoiqe� sto d�ktuo twn epexergast¸n. Ep�sh
 wij > 0 ∈ R e�nai tab�rh twn akm¸n eij ∈ E pou sqet�zontai me thn qwrhtikìthta tou diktÔou epikoinw-n�a
 kai si > 0 ∈ R e�nai h taqÔthta tou epexergast  i me fort�o vi ∈ V .A
 jewr soume to akìloujo epanalhptikì sq ma pou apaite� epikoinwn�a metaxÔtwn geitonik¸n kìmbwn mìno

u
(n+1)
i = u

(n)
i − τ

∑

j∈A(i)

cijwij(
u

(n)
i

si

−
u

(n)
j

sj

), (2.4)
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 gia thn exisorrìphsh fort�ou se d�ktua topolog�a
 plègmato
ìpou τ ∈ R \ {0} e�nai h par�metro
 epit�qunsh
, cij > 0 e�nai oi par�metroi di�-qush
 pou prèpei na prosdior�soume. To epanalhptikì sq ma (2.4) ja anafère-tai w
 h mèjodo
 th
 Epit�qunsh
 th
 Di�qush
 (EDQ) mèjodo
. O stìqo
 ma
e�nai na kajor�soume to posì tou fort�ou pou metafèretai metaxÔ twn epexerga-st¸n ston gr�fo epikoinwn�a
 ètsi, ¸ste na exisorrop soume to fort�o analogik�pro
 thn taqÔthta tou k�je epexergast  kai tou d�ktuou diasÔndesh
. Gia autì, to
ūi = (

∑|V |
j=1 u

(0)
j )/(

∑|V |
j=1 sj)si, i = 1, 2, . . . , |V | dhl¸nei to exisorrophmèno fort�o sek�je epexergast . O tÔpo
 (2.4) g�netai

u(n+1) = Mu(n), (2.5)ìpou M e�nai o p�naka
 di�qush
. Ta stoiqe�a tou M , mij , e�nai �sa me τcij
wij

sj
, an

j ∈ A(i), 1 − τ
∑

j∈A(i) cij
wij

si
, an i = j kai 0 diaforetik�. Me aut  thn diatÔpw-sh, ta qarakthristik� th
 exisorrìphsh
 fort�ou e�nai pl rw
 enswmatwmèna sthnepanalhptik  diadikas�a (2.4) pou dhmiourgoÔntai apì ton p�naka di�qush
 M . Op�naka
 di�qush
 th
 EDQ mpore� na grafte� w


M = I − τL, ′opouL = D − A (2.6)ìpou D = diag(L). Apì (2.6) kai (2.5) èqoume
(1 − τ

∑

j

cij

wij

si

) + τ
∑

j

cij

wij

sj

= 1, i = 1, 2, . . . , |V | (2.7)O p�naka
 di�qush
 M prèpei na èqei ti
 akìlouje
 idiìthte
 [3℄, [1℄: mh arnhtikì
,summetrikì
 kai stoqastikì
. H deÔterh idiìthta isqÔei, gia thn pr¸th idiìthta, èqou-me to akìloujo.L mma 2.2.1 An 0 < τ ≤ 1/||A||∞, tìte M ≥ 0.Gia na e�nai o p�naka
 M stoqastikì
 kai sugkekrimèna stoqastikì
 kat� grammè
,prèpei
∑

j

mij = 1, i = 1, 2, . . . , |V | (2.8)
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 gia thn exisorrìphsh fort�ou se d�ktua topolog�a
 plègmato
 
(1 − τ

∑

j

cij

wij

si

) + τ
∑

j

cij

wij

sj

= 1, i = 1, 2, . . . , |V | (2.9)
M�a lÔsh th
 (2.9) e�nai h si = sj kai h eterogen 
 di�qush g�netai (de
 (2.4)):

u
(n+1)
i = u

(n)
i − τ

∑

j∈A(i)

c̃ij(u
(n)
i − u

(n)
j ), (2.10)ìpou

c̃ij =
cijwij

sj

, (2.11)ämw
 o tÔpo
 (2.10) e�nai �dio
 h omogen 
 DQ mèjodo
 (de
 (1) sthn [9℄) ìpou t¸raant� gia thn apokleistik  qr sh th
 paramètrou cij èqoume thn c̃ij pou d�netai apìthn (2.11) kai perilamb�nei thn qwrhtikìthta tou d�ktuou diasÔndesh
 kaj¸
 kai ti
taqÔthte
 twn epexergast¸n. Akolouj¸nta
 thn jewr�a th
 [9℄ èqoume ta akìlouja.2.3 An�lush sÔgklish
 th
 EDQ mejìdouSe aut  thn par�grafo ja parousi�soume to basikì je¸rhma sÔgklish
 gia thnEDQ mèjodo.Je¸rhma 2.3.1 H EDQ mèjodo
 sugkl�nei sthn omoiìmorfh katanom  an kai mìnoan o gr�fo
 tou diktÔou e�nai sundemèno
 kai e�te m�a (  kai oi dÔo) twn akìloujwnsunjhk¸n isqÔoun: (i) 0 < τ < 1/||A||∞, (ii) o gr�fo
 tou diktÔou den e�nai dimerè
.Apodeixh . O p�naka
 di�qush
 M mpore� na l�bei thn akìloujh morf  M =




0 K

KT 0



 , ìpou ta mhdenik� qrhsimopoioÔntai gia na dhl¸soume tou
 mhdenikoÔ
p�nake
 sth diag¸nio tou M kai K e�nai orjog¸nio
 mh arnhtikì
 p�naka
, an kaimìno an e�nai dimer 
 kai I−τD = 0   τ = 1
P

j∈A(i) c̃ij
∀i ∈ V. An isqÔei to parap�nw,
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H mèjodo
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 gia thn exisorrìphsh fort�ou se d�ktua topolog�a
 plègmato
tìte to −1 e�nai m�a idiotim  tou p�naka M , opìte o par�gwn sÔgklish
 γ(M̃) = 1 kaih mèjodo
 den sugkl�nei. An o gr�fo
 G e�nai dimer 
, tìte gia toul�qiston èna i

0 < τ <
1

1
si

∑

j∈A(i) c̃ij

(2.12)  0 < τ < 1
maxi

1
si

P

j∈A(i) c̃ij
, h opo�a e�nai h sunj kh (i), to −1 den e�nai idiotim  tou M̃ ,opìte γ < 1 (h mèjodo
 EDQ sugkl�nei).W
 sunèpeia tou parap�nw jewr mato
 èqoume ta akìlouja.Pìrisma 2.3.2 H mèjodo
 DQ sugkl�nei sthn omoiìmorfh katanom  an kai mìno an ogr�fo
 tou diktÔou e�nai sundemèno
 kai e�te m�a (  kai oi dÔo) akìlouje
 sunj ke
isqÔoun:

(i)
∑

j∈A(i) cij < 1, gia toul�qiston èna i.
(ii) o gr�fo
 tou diktÔou den e�nai dimer 
.To pìrisma 2.3.2 e�nai to basikì je¸rhma sÔgklish
 gia thn mèjodo DQ pou or�sth-ke apì ton Cybenko [3℄. Prin kle�soume aut  thn enìthta jewroÔme thn akìloujhèkdosh th
 EDQ pou perilamb�nei èna sÔnolo paramètrwn τi, i = 1, 2, . . . , |V |

u
(n+1)
i = (1 − τi

∑

j∈A(i)

cij

wij

si

)u
(n)
i + τi

∑

j∈A(i)

cij

wij

sj

u
(n)
j , i = 1, 2, . . . , |V |. (2.13)An τi = τ gia k�je i = 1, 2, . . . , |V |, tìte (2.13) an�getai sthn mèjodo EDQ. To epana-lhptikì sq ma (2.13) ja anafèretai w
 h topik  mh omogen 
 mèjodo
 th
 EDQ.

Ge¸rgio
 S. Markoman¸lh
 20



H mèjodo
 th
 Di�qush
 gia thn exisorrìphsh fort�ou se d�ktua topolog�a
 plègmato
Kef�laio 3To AnadiploÔmeno Plègma (Torus)
3.1 Prosdiorismì
 bèltistwn tim¸n twn paramètrwnTo sq ma th
 topik 
 EDQ ston kìmbo (i, j) mpore� na grafte� ¸
 ex 


u
(n+1)
ij = Miju

(n)
ij , (3.1)ìpou Mij = 1 − τijLij o telest 
 th
 topik 
 EDQ gia èna N1 × N2 anadiploÔmenoplègma. àpeita, epib�lloume thn lexikografik  di�taxh twn kìmbwn kai or�zoume

Lij = dij − (c̃i+1,jE1 + c̃i−1,jE
−1
1 + c̃i,j+1E2 + c̃i,j−1E

−1
2 ) o topikì
 telest 
 tou Laplacianp�naka, me dij = c̃i+1,j + c̃i−1,j + c̃i,j+1 + c̃i,j−1, ìpou c̃i−1,j, c̃i+1,j, c̃i,j−1 kai c̃i,j+1 or�zounta b�rh twn akm¸n tou nìtiou, bore�ou, dutikoÔ, anatolikoÔ kìmbou (i, j). Oi sun-telestè
 E1, E−1

1 , E2, E−1
2 or�zontai w
 ex 
 E1uij = ui+1,j, E−1

1 uij = ui−1,j, E2uij =

ui,j+1, E−1
2 uij = ui,j−1, oi opo�oi e�nai pro
 ta emprì
 telest 
 metatìpish
 forward-

shift kai pro
 ta p�sw telest 
 metatìpish
 backward-shift sthn x1-kateÔjunsh, (x2-kateÔjunsh), ant�stoiqa me uij = u(ih1, jh2) = u(x1, x2), ìpou x1 = ih1, x2 = jh2,
h1= 1

N1
kai h2= 1

N2
. AfoÔ o p�naka
 Laplacian L e�nai summetrikì
 tìte c̃i+1,j = c̃i−1,j kai

c̃i,j+1 = c̃i,j−1. Sth sunèqeia qrhsimopoioÔme tou
 akìloujou
 sumbolismoÔ
 gia tab�rh twn akm¸n
c̃
(1)
i = c̃i+1,j kai c̃

(2)
j = c̃i,j+1, i = 1, 2, . . . , N1, j = 1, 2, . . . , N2. (3.2)Tìte, Lij = dij− c̃

(1)
i (E1+E−1

1 )+ c̃
(2)
j (E2+E−1

2 ), ìpou dij = 2(c̃
(1)
i + c̃

(2)
j ). Oi idiotimè
 µij,

λij twn topik¸n telest¸n twn Mij, Lij , ant�stoiqa, sqet�zontai w
 ex 
: µij = 1−τijλij.L mma 3.1.1 H fasmatik  akt�na tou telest  Lij d�netai apì thn
λij(k1, k2) = 2[c̃

(1)
ij (1 − cos k1h1) + c̃

(2)
ij (1 − cos k2h2)], (3.3)
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ìpou i = 1, 2, . . . , N1, j = 1, 2, . . . , N2, k1 = 2πℓ1, ℓ1 = 0, 1, 2, . . . , N1 − 1, k2 = 2πℓ2kai ℓ2 = 0, 1, 2, . . . , N2 − 1.Apodeixh . An m�a idiosun�rthsh tou topikoÔ telest  Lij e�nai h migadik  hmitonoei-d 
 ei(k1x1+k2x2), èqoume ìti Lije

i(k1x1+k2x2) = λij(k1, k2)e
i(k1x1+k2x2), ìpou

λij(k1, k2) = dij − [c̃
(1)
i (eik1h1 + e−ik1h1) + c̃

(2)
j (eik2h2 + e−ik2h2)] (3.4)me dij = 2(c̃

(1)
i + c̃

(2)
j ). àtsi mporoÔme na jewr soume thn ei(k1x1+k2x2) san idiosun�r-thsh tou Lij me idiotimè
 λij(k1, k2) pou d�nontai apì thn (3.4). EÔkola diapist¸netaiìti h (3.4) par�gei thn thn (3.3).O rujmì
 sÔgklish
 th
 mejìdou EDQ exart�tai apì ton par�gonta sÔgklish
 γ(M),o opo�o
 e�nai h deÔterh megalÔterh idiotim  kat� apìluth tim  tou p�naka M. Ako-louj¸nta
 thn �dia mejodolog�a or�zoume ton suntelest  sÔgklish
 γij tou telest 

Mij san th deÔterh megalÔterh idiotim  se apìluth tim  tou Mij . H anwtèrw prosèg-gish gnwst  w
 topik  an�lush kat� Fourier èqei dÔo eikas�e
. Pr¸ton, o Mij prèpeina e�nai anex�rthto
 twn qwrik¸n metablht¸n space-invariant. DeÔteron, to ped�oolokl rwsh
 prèpei e�te na epektaje� sto �peiro   na g�nei orjog¸nio me Dirichlet  periodikè
 sunoriakè
 sunj ke
. Sthn per�ptws  ma
 h γij e�nai mia qwrik� metabal-lìmenh sun�rthsh (de
 (3.3) ) kai genik� den e�nai �sh me ton par�gonta sÔgklish

γ(M) th
 mejìdou EDQ. Par�ola aut�, an ìla ta b�rh twn akm¸n e�nai �sa me miastajer  tim , tìte oMij kai opìte kai o γij e�nai anex�rthta tou q¸rou kai se aut  thnper�ptwsh to γij e�nai �so me to γ(M). Autì diapist¸netai apì to gegonì
 ìti sthnper�ptwsh th
 DQ qwr�
 b�rh c

(1)
i =c

(2)
j =1

4
, gia k�je i = 1, 2, . . . , N1, j = 1, 2, . . . , N2 h(3.3) g�netai

λij(k1, k2) = 2 − cos k1h1 − cos k2h2, (3.5)h opo�a e�nai �sh me ti
 idiotimè
 tou Laplacian p�naka L, pou brèjhke sthn [13℄ qrh-simopoi¸nta
 an�lush pin�kwn. Opìte
γij(Mij) = max

k1,k2

|µij(k1k2)|, (3.6)
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ìpou den g�netai kai ta dÔo k1, k2 na l�boun mhdenik  tim .àqoume
µij = 1 − τijλij (3.7)prokÔptei ìti h el�qisth tim  th
 γij se sun�rthsh me to τij br�sketai ìtan [6℄

τ opt
ij =

2

λi,j,2 + λi,j,N

, (3.8)ìpou λi,j,2, λi,j,N e�nai oi mikrìtere
 kai oi megalÔtere
 idiotimè
 tou telest  Lij , ant�-stoiqa. Epiplèon, h ant�stoiqh tim  tou γij(Mij) d�netai apì thn
γopt

ij =
Pij − 1

Pij + 1
, (3.9)ìpou

Pij =
λi,j,N

λi,j,2

(3.10)e�nai o P arijmì
 sunj kh
 tou Lij. H teleuta�a posìthta pa�zei shmantikì rìlosthn sumperifor� tou γopt
ij . Apì thn (3.9) prokÔptei ìti to γopt

ij e�nai m�a aÔxousasun�rthsh tou Pij. H elaqistopo�hsh tou Pij èqei w
 apotèlesma thn megistopo�hshtou R(LEDF ), tou rujmoÔ sÔgklish
 th
 topik 
 EDQ mejìdou, pou or�zetai apìthn
R(LEDF ) = − log γopt

ij . (3.11)Mia shmantik  er¸thsh pou prèpei na apanthje� e�nai an h gn¸sh tou λi,j,N kai tou
λi,j,2 mporoÔn na ma
 parèqoun qr sime
 plhrofor�e
 gia thn fasmatik  akt�na tou
Laplacian p�naka kai sugkekrimèna gia ta λN kai λ2, th megalÔterh kai mikrìterhidiotim  tou Laplacian p�naka, ant�stoiqa. Tètoia plhrofor�a ja  tan polÔ qr simhafoÔ ja mporoÔsame na prosdior�soume to γ(M) kai opìte na ektim soume tonrujmì sÔgklish
 th
 EDQ mejìdou. DÔo parathr sei
 pou mporoÔn na bohj soungia na apanthje� to parap�nw. Pr¸ton, sugkekrimène
 timè
 twn k1, k2 sthn (3.3)ja d¸soun thn mikrìterh idiotim  λi,j,2 apì ìlou
 tou
 topikoÔ
 Laplacian telestè

Lij. àna an�logo apotèlesma isqÔei gia to λi,j,N ètsi to k1 kai k2 ja pa�xoun ènanshmantikì rìlo. Ep� plèon, gia dedomène
 timè
 twn k1 kai k2, to λi,j e�nai eua�sjhtosti
 allagè
 twn paramètrwn twn bar¸n twn akm¸n c̃

(1)
i kai c̃

(2)
j . Wstìso, ìpw
anafèrjhke anwtèrw, an ta b�rh twn akm¸n e�nai stajer�, tìte h fasmatik  akt�na
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tou topikoÔ Laplacian telest  sump�ptei me aut n tou Laplacian p�naka. Sthn pioendiafèrousa per�ptwsh ìpou ta b�rh twn akm¸n metab�llontai shmantik�, tìteh fasmatik  akt�na tou telest  Lij ja èprepe na e�nai èna uposÔnolo tou L, kaj¸
oi idiotimè
 λ tou L ja èprepe na e�nai metaxÔ tou λ kai λ, ìpou λ = min
ij

λi,j,2 kai
λ = max

ij
λi,j,N .Je¸rhma 3.1.2 O par�gonta
 sÔgklish
 γij(Mij) tou telest  Mij elaqistopoie�taisto τ opt

ij kai to ant�stoiqo el�qisto einai γopt
ij , ìpw
 parousi�zetai ston p�naka 3.1,ìpou σij kai σ2 d�nontai apì thn (3.13).

N1, N2 Sunj kh Per�ptwsh τ
opt
ij

γ
opt
ij�rtioi σij ≥ σ2 1 [c̃

(1)
i

“

3 − cos 2π
N1

”

+ 2c̃
(2)
j

]−1
2c̃

(2)
j

+ c̃
(1)
i

(1 + cos 2π
N1

)

2c̃
(2)
j

+ c̃
(1)
i

(3 − cos 2π
N1

)

σij ≤ σ2 2 [c̃
(2)
j

“

3 − cos 2π
N2

”

+ 2c̃
(1)
i

]−1
2c̃

(1)
i

+ c̃
(2)
j

(1 + cos 2π
N2

)

2c̃
(1)
i

+ c̃
(2)
j

(3 − cos 2π
N2

)peritto� σij ≥ σ2 3 [c̃
(1)
i

“

2 + cos π
N1

− cos 2π
N1

”

+ c̃
(2)
j

(1 + cos π
N2

)]−1
c̃
(1)
i

“

cos π
N1

+ cos 2π
N1

”

+ c̃
(2)
j

(1 + cos π
N2

)

c̃
(1)
i

“

2 + cos π
N1

− cos 2π
N1

”

+ c̃
(2)
j

(1 + cos π
N2

)

σij ≤ σ2 4 [c̃
(2)
j

“

2 + cos π
N2

− cos 2π
N2

”

+ c̃
(1)
i

(1 + cos π
N1

)]−1
c̃
(2)
j

“

cos π
N2

+ cos 2π
N2

”

+ c̃
(1)
i

(1 + cos π
N1

)

c̃
(2)
j

“

2 + cos π
N2

− cos 2π
N2

”

+ c̃
(1)
i

(1 + cos π
N1

)perittì
, �rtio
 σij ≥ σ2 5 [c̃
(1)
i

“

2 + cos π
N1

− cos 2π
N1

”

+ 2c̃
(2)
j

]−1
c̃
(1)
i

“

cos π
N1

+ cos 2π
N1

”

+ 2c̃
(2)
j

c̃
(1)
i

“

2 + cos π
N1

− cos 2π
N1

”

+ 2c̃
(2)
j

σij ≤ σ2 6 [c̃
(2)
j

“

3 − cos 2π
N2

”

+ c̃
(1)
i

(1 + cos π
N1

)]−1
c̃
(2)
j

“

1 + cos 2π
N2

”

+ c̃
(1)
i

(1 + cos π
N1

)

c̃
(2)
j

“

3 − cos 2π
N2

”

+ c̃
(1)
i

(1 + cos π
N1

)�rtio
, perittì
 σij ≥ σ2 7 [c̃
(1)
i

“

3 − cos 2π
N1

”

+ c̃
(2)
j

(1 + cos π
N2

)]−1
c̃
(1)
i

“

1 + cos 2π
N1

”

+ c̃
(2)
j

(1 + cos π
N2

)

c̃
(1)
i

“

3 − cos 2π
N1

”

+ c̃
(2)
j

(1 + cos π
N2

)

σij ≤ σ2 8 [c̃
(2)
j

“

2 + cos π
N2

− cos 2π
N2

”

+ 2c̃
(1)
i

]−1
c̃
(2)
j

“

cos π
N2

+ cos 2π
N2

”

+ 2c̃
(1)
i

c̃
(2)
j

“

2 + cos π
N2

− cos 2π
N2

”

+ 2c̃
(1)
iP�naka
 3.1: TÔpoi gia bèltisto τij kai γij se disdi�stato anadiploÔmeno plègma

Apodeixh . H bèltisth tim  gia to τij ja breje� apì thn (3.8), en¸ h el�qisth tim tou γopt
ij apì ti
 (3.9), (3.10). E�nai ep�sh
 apara�thto na prosdior�soume to λi,j,2 kaito λi,j,N . Gia ton prosdiorismì tou λi,j,2 èstw ìti l1=0 kai l2=1,   l1=1 kai l2=0 sthn(3.3), autì ma
 d�nei λi,j,2 = 2c̃

(2)
j (1− cos 2π

N2
)   λi,j,2 = 2c̃

(1)
i (1− cos 2π

N1
) gia k�je m�a apìti
 parap�nw epilogè
 twn l1, l2, pou odhgoÔn sto akìloujo

λi,j,2 =



















2c̃
(1)
i (1 − cos 2π

N1
), σij ≥ σ2

2c̃
(2)
j (1 − cos 2π

N2
), σij ≤ σ2,

(3.12)
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ìpou
σij =

c̃
(2)
j

c̃
(1)
i

and σ2 =
1 − cos 2π

N1

1 − cos 2π
N2

. (3.13)H mègisth idiotim  λi,j,N prosdior�zetai d�nonta
 ℓ1 = ⌈N1

2
⌉ kai ℓ2 = ⌈N2

2
⌉ sthn (3.3).Diakr�noume dÔo peript¸sei
 analìgw
 an ta N1, N2 e�nai �rtioi   peritto�.Per�ptwsh I : N1, N2 �rtioiSe aut  thn per�ptwsh ℓ1 = N1

2
kai ℓ2 = N2

2
, opìte apì thn (3.3) èqoume

λi,j,N = 4(c̃
(1)
i + c̃

(2)
j ). (3.14)Per�ptwsh II: N1 , N2 peritto�Se aut  thn per�ptwsh ℓ1 = N1+1

2
kai ℓ2 = N2+1

2
, opìte apì thn (3.3) èqoume

λi,j,N = 2[c̃
(1)
i (1 + cos

π

N1
) + c̃

(2)
j (1 + cos

π

N2
)]. (3.15)Per�ptwsh III: N1 perittì, N2 �rtioSe aut  thn per�ptwsh ℓ1 = N1+1

2
kai ℓ2 = N2

2
, opìte apì thn (3.3) èqoume

λi,j,N = 2[c̃
(1)
i (1 + cos

π

N1
) + 2c̃

(2)
j ]. (3.16)Per�ptwsh IV: N1 �rtio, N2 perittìSe aut  thn per�ptwsh ℓ1 = N1

2
kai ℓ2 = N2+1

2
, opìte apì thn (3.3) èqoume

λi,j,N = 2[2c̃
(1)
i + c̃

(2)
j (1 + cos

π

N2

)]. (3.17)Qrhsimopoi¸nta
 tou
 tÔpou
 λi,j,2 kai λi,j,N pou d�nontai apì ti
 (3.12) kai (3.14),ant�stoiqa sti
 (3.8), (3.9) kai (3.10), eÔkola sumpera�noume ta apotelèsmata poud�nontai gia ti
 peript¸sei
 1 kai 2 tou p�naka 3.1. Parìmoia e�nai h prosèggish giati
 peript¸sei
 3,4,5,6,7,8 tou p�naka 3.1.
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Pìrisma 3.1.3 An N1 e�nai �rtio
 kai N2 e�nai perittì
, tìte o γi,j(Mij) elaqistopoie�-tai sto
τ opt
ij =



















[c̃
(1)
i (3 − cos 2π

N1
) + c̃

(2)
j (1 + cos π

N2
)]−1, σij ≥ σ2

[2c̃
(1)
i + c̃

(2)
j (2 − cos 2π

N2
+ cos π

N2
)]−1, σij ≤ σ2

(3.18)kai to ant�stoiqo el�qisto d�netai apì thn
γopt

ij =























c̃
(1)
i (1 + cos 2π

N1
) + c̃

(2)
j (1 + cos π

N2
)

c̃
(1)
i (3 − cos 2π

N1
) + c̃

(2)
j (1 + cos π

N2
)
, σij ≥ σ2

2c̃
(1)
i + c̃

(2)
j (cos 2π

N2
+ cos π

N2
)

2c̃
(1)
i + c̃

(2)
j (2 − cos 2π

N2
+ cos π

N2
)
, σij ≤ σ2.

(3.19)An N1 e�nai perittì
 kai N2 �rtio
, tìte to γij(Mij) elaqistopoie�tai sto
τ opt
ij =



















1

c̃
(1)
i (2 − cos 2π

N1
+ cos π

N1
) + 2c̃

(2)
j

, σij ≥ σ2

1

c̃
(1)
i (1 + cos π

N1
) + c̃

(2)
j (3 − cos 2π

N2
)
, σij ≤ σ2

(3.20)kai to ant�stoiqo el�qisto d�netai apì ton tÔpo
γopt

ij =























c̃
(1)
i (cos π

N1
+ cos 2π

N1
) + 2c̃

(2)
j

c̃
(1)
i (2 + cos π

N1
− cos 2π

N1
) + 2c̃

(2)
j

, σij ≥ σ2

c̃
(1)
i (1 + cos π

N1
) + c̃

(2)
j (1 + cos 2π

N2
)

c̃
(1)
i (1 + cos π

N1
) + c̃

(2)
j (3 − cos 2π

N2
)
, σij ≤ σ2.

(3.21)
Apodeixh . Akolouj¸nta
 thn �dia pore�a gia thn apìdeikh tou jewr mato
 3.1.2èqoume ìti h (3.3) d�nei
λi,j,N =































2[2c̃
(1)
i + c̃

(2)
j (1 + cos π

N2
)] An N1 e�nai �rtio
 kai N2 e�nai perittì
.

2[2c̃
(2)
j + c̃

(1)
i (1 + cos π

N1
)] An N1 e�nai perittì
 kaiN2 e�nai �rtio
 .(3.22)
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Qrhsimopoi¸nta
 thn (3.22) ant� gia thn (3.17) mporoÔme na doulèyoumeparìmoia ìpw
 sto prohgoÔmeno je¸rhma gia na broÔme ti
 (3.18) kai (3.19). Hper�ptwsh ìpou N1 e�nai perittì
 kai N2 e�nai �rtio
, antimetwp�zetai parìmoia.3.2 Prosdiorismì
 twn bèltistwn c̃
(1)
i kai c̃

(2)
j .Mèqri autì to shme�o ma
 apasqoloÔse mìno o prosdiorismì
 twn bèltistwn ti-m¸n gia to sÔnolo twn paramètrwn τij se sunart sh twn c̃

(1)
i , i = 1, 2, . . . , N1 kai

c̃
(2)
j , j = 1, 2, . . . , N2. Basik� èqoume lÔsei to prìblhma th
 megistopo�hsh
 tou ruj-moÔ sÔgklish
 th
 topik 
 EDQ upojètonta
 ìti gnwr�zoume ta b�rh twn akm¸n tougr�fou kai oi epexergastè
 èqoun k�poia stajer  taqÔthta. Sto epìmeno b ma, japrospaj soume na prosdior�soume ta c̃

(1)
i kai c̃(2)

j ètsi ¸ste ta Pij (opìte kai ta γij)e�nai elaqistopoioÔntai.Je¸rhma 3.2.1 O par�gonta
 sÔgklish
 γij(Mij) elaqistopoie�tai ìtan
c
(2)
j = σ2 ∗

wi+1,j

wi,j+1

c
(1)
i (3.23)kai

τ opt
ij =

τ opt

c̃
(1)
i

(3.24)gia k�je i=1,2,. . . ,N1, j=1,2,. . . ,N2 kai to ant�stoiqo el�qisto e�nai to γopt ìpou τ opt
ijkai γopt d�nontai apì ton p�naka 3.2.Apodeixh . ätan ta N1, N2 e�nai �rtioi, o P arijmì
 sunj kh
 tou Lij e�nai, lìgwtwn (3.12) kai (3.14), apì thn

Pij(Lij) =















2(σij + 1)

1 − cos 2π
N1

, σij ≥ σ2

2(σij + 1)

σij(1 − cos 2π
N2

)
, σij ≤ σ2.

(3.25)Melet¸nta
 thn sumperifor� th
 parap�nw èkfrash
, se sun�rthsh tou σij mpo-roÔme eÔkola na diapist¸soume ìti elaqistopoie�tai sto σij = σ2, opìte apì thn
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N1 N2 Per�ptwsh τopt γopt�rtio
 �rtio
 1 ˆ

3 + 2σ2 − cos 2π
N1

˜−1
1 + 2σ2 + cos 2π

N1

3 + 2σ2 − cos 2π
N1Perittì
 Perittì
 2 ˆ

2 + σ2(1 + cos π
N2

) + cos π
N1

− cos 2π
N1

˜−1
cos π

N1
+ cos 2π

N1
+ σ2(1 + cos π

N2
)

2 + σ2(1 + cos π
N2

) + cos π
N1

− cos 2π
N1�rtio
 Perittì
 3 ˆ

3 − cos 2π
N1

+ σ2(1 + cos π
N2

)
˜−1

1 + cos 2π
N1

+ σ2(1 + cos π
N2

)

3 − cos 2π
N1

+ σ2(1 + cos π
N2

)Perittì
 �rtio
 4 ˆ

2 + 2σ2 + cos π
N1

− cos 2π
N1

˜−1
2σ2 + cos π

N1
+ cos 2π

N1

2 + 2σ2 + cos π
N1

− cos 2π
N1P�naka
 3.2: TÔpoi gia ti
 bèltiste
 timè
 twn τ opt kai γopt se disdi�stato anadiploÔ-meno plègma(3.13) èqoume ìti

c̃
(2)
j = σ2c̃

(1)
i  ci,j+1wi,j+1

sj+1
= σ2

ci+1,jwi+1,j

si+1  ci,j+1 = σ2
wi+1,jsj+1

wi,j+1si+1
ci+1,j  c

(2)
j = σ2 ∗

wi+1,j

wi,j+1
c
(1)
iAntikajist¸nta
 thn c

(2)
j pou d�netai apì thn (3.23) sti
 ekfr�sei
 twn τ opt

ij kai γopt
ij th
per�ptwsh
 1 ston p�naka 3.1, lamb�noume thn (3.24), ìpou ta τ opt kai γopt d�nontaiìpw
 sthn per�ptwsh 1 tou p�naka 3.2. An�logh antimet¸pish kai gia thn per�ptwsh3 tou p�naka 3.1 odhge� sthn per�ptwsh 2 tou p�naka 3.2. Oi peript¸sei
 3 kai 4tou p�naka 3.2 apodeiknÔontai qrhsimopoi¸nta
 ti
 �nw ekfr�sei
 twn 3.18, 3.19,3.22, 3.23. Ep�sh
 oi peript¸sei
 2,3 tou p�naka 3.1 kai oi k�tw ekfr�sei
 twn 3.18,3.19, 3.22, 3.23 ja par�goun ta �dia apotelèsmata.Parìmoia apotelèsmata isqÔoun sthn per�ptwsh pou to c

(2)
j e�nai auja�reto.Pìrisma 3.2.2 O par�gonta
 sÔgklish
 γi(Mi) tou telest  tou daktul�ou (ring) Mielaqistopoie�tai gia

τ opt
i =

τ opt

c̃
(1)
i

, (3.26)me c̃
(1)
i = c̃i,i+1 auja�reto gia k�je i = 1, 2, . . . , N kai to ant�stoiqo el�qisto e�nai γopt,ìpou ta τ opt kai γopt d�nontai apì ti
 peript¸sei
 1 kai 2 tou p�naka 3.2 me σ2 = 0.ant�stoiqa.
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Apodeixh . Ston daktÔlio c̃
(2)
j = 0, opìte apì (3.23) èqoume ìti σ2 = 0.Apì thn (3.23) diapist¸noume ìti an h par�metro
 c̃ij sthn m�a di�stash, tou disdi�-statouu anadiploÔmenou plègmato
 e�nai �sh me mia stajer� tim , tìte h ant�stoiqhpar�metro
 sthn �llh di�stash ja e�nai ep�sh
 �sh me mia stajer�. Sthn per�ptwshpou autè
 oi par�metroi e�nai �se
 me m�a stajer� se k�je di�stash tou disdi�sta-touu anadiploÔmenou plègmato
 oi upojèsei
 gia thn topik  an�lush kat� FourierisqÔoun. Autì ikanopoie�tai w
 ex 
. Oi par�metroi c̃ij susqet�zontai me tou
 sun-telestè
 th
 ex�swsh
 Di�qush
, ìpw
 fa�netai sthn [6℄, ìpou h periodikìthta twnsunoriak¸n sunjhk¸n sundèontai me tou
 exwterikoÔ
 sundèsmou
 tou anadiploÔ-menou plègmato
. San sunèpeia èqoume, ìti an oi par�metroi c̃ij se m�a di�stash e�nai�se
 me thn �dia stajer�, tìte oi idiotimè
 tou telest  Lij , d�nontai apì thn (3.4), sum-p�ptoun me ti
 idiotimè
 tou Laplacian p�naka L. Ep� plèon, h topik  EDQ ekful�zetaisthn EDQ afoÔ t¸ra h τ opt

ij (de
 (3.19)) ja e�nai stajer�, ìpw
 h τ opt
EDF . Gia autìèqoume ta akìlouja.Pìrisma 3.2.3 An oi par�metroi c̃ij se mia di�stash tou disdi�statou anadiploÔ-menou plègmato
 e�nai �se
 me thn �dia stajer� kai isqÔei h (3.23), tìte to γ(M), opar�gonta
 sÔgklish
 tou p�naka di�qush
 M , elaqistopoie�tai sto τ opt

EDF , pou d�ne-tai apì thn (3.24) kai to ant�stoiqo el�qisto e�nai to γopt, ìpou ta τ opt, γopt d�nontaiapì ti
 ekfr�sei
 tou p�naka 3.2.Pìrisma 3.2.4 Upì thn upìjesh tou por�smato
 3.2.3 kai an N=N1=N2, tìte o pa-r�gonta
 sÔgklish
 γ(M) elaqistopoie�tai sto τ opt
EDF pou d�netai apì thn (3.24) me

σ2 = 1,
τ opt =







[5 − cos 2π
N

]−1, an N e�nai �rtio

[3 + 2 cos π

N
− cos 2π

N
]−1, an N e�nai perittì
 (3.27)kai to ant�stoiqo el�qisto d�netai apì thn
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γopt =



















3 + cos 2π
N

5 − cos 2π
N

, an N e�nai �rtio

1 + 2 cos π

N
+ cos 2π

N

3 + 2 cos π
N
− cos 2π

N

, an N e�nai perittì
 .

(3.28)
Apodeixh .An N=N1=N2, tìte σ2=1 opìte oi (3.27) kai (3.28) lamb�nontai apì ti
 peript¸sei
 1kai 2 tou p�naka 3.2.To anwtèrw pìrisma epekte�nei to je¸rhma 4.2 tou [14℄ kaj¸
 de�qnei ìti to γ(M)petuqa�nei to �dio el�qisto ìqi mìno gia �se
 c̃ij all� ep�sh
 kai gia c̃ij pou e�nai �se
se k�je di�stash tou disdi�statou anadiploÔmenou plègmato
 ikanopoi¸nta
 thn(3.23). Jètwnta
 c̃

(1)
i = 1 gia k�je i = 1, 2, . . . , N1 sthn (3.23) tìte èqoume c̃

(1)
i = 1  

c̃i+1,j = 1   ci+1,jwi+1,j

si+1
= 1  

ci+1,j =
si+1

wi+1,j

(3.29)Apì thn (3.23) èqoume τ opt
ij = τ opt   c̃i−1,j = 1   ci−1,jwi−1,j

si−1
= 1

ci−1,j =
si−1

wi−1,j

. (3.30)
c̃i,j+1 = σ2  

ci,j+1 =
σ2sj+1

wi,j+1

. (3.31)
c̃i,j−1 = c̃i,j+1 ⇒ c̃i,j−1 = σ2

ci,j−1 =
σ2sj−1

wi,j−1
(3.32)
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Upìyin ìti sthn omogen  per�ptwsh ìpou sij = s kaiwij = 1 gia k�je i = 1, 2, . . . , N, j =

1, 2, . . .N to je¸rhma 3.2.1 par�gei to je¸rhma 10 tou [9℄. Me �lla lìgia h etero-gen 
 EDQ ekful�zetai sthn omogen . Ja anaferìmaste se aut  thn per�ptwsh w
thn kanonikopoihmènhPìrisma 3.2.5 Gia thn kanonikopoihmènh per�ptwsh, o par�gonta
 sÔgklish
 γ(M)elaqistopoie�tai sto τ opt
EDF = τ opt kai to ant�stoiqo el�qisto d�netai apì thn γopt, ìpouta τ opt, γopt d�nontai apì ti
 ekfr�sei
 tou p�naka 3.2.3.3 SÔgkrish me thn mèjodo DQAfoÔ gia N1 = N2 h EDQ kai h DQ taut�zontai sto bèltisto st�dio (pìrisma 3.2.4)ja  tan endiafèron na melet soume thn sumperifor� sthn per�ptwsh ìpou N1 6=N2. Anamènoume ìti o rujmì
 sÔgklish
 th
 mejìdou EDQ ja e�nai toul�qiston tìsogr goro
 ìso h DQ sto bèltisto st�dio sÔmfwna me to pìrisma 3.2.3.Pìrisma 3.3.1 Upì thn upìjesh tou por�smato
 3.2.3, èqoume ìti

γopt
E∆X ≤ γopt

∆X , (3.33)ìpou γopt
E∆X, γopt

∆X e�nai oi par�gonte
 sugkl�sh
 twn EDQ kai DQ mejìdwn, ant�stoiqa.Apodeixh . A
 upojèsoume ìti N1 ≥ N2 kai x= 2π
N1
, y= 2π

N2
. A
 jewr soume thnper�ptwsh 1 tou p�naka 3.2, ìpou N1, N2 e�nai �rtioi. Se aut  thn per�ptwsh hbèltisth tim  tou γEDF e�nai (per�ptwsh 1 tou p�naka 3.2)

γopt
E∆X =

1 + 2σ2 + cos x

3 + 2σ2 − cos x
, (3.34)ìpou

σ2 =
1 − cos x

1 − cos y
≤ 1. (3.35)Ep�sh
, h bèltisth tim  tou γDF d�netai apì to [13℄

γopt
∆X =

3 + cos x

5 − cos x
. (3.36)
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àna
 aplì
 algebrikì
 qeirismì
 de�qnei ìti
sign(γopt

E∆X − γopt
∆X) = sign(cos x − 1)(1 − σ2) = −1   0 efìson σ2 ≤ 1 pou prokÔpteiapì thn (3.25). An N1 ≤ N2, tìte [13℄

γopt
∆X =

3 + cos y

5 − cos ykai sign(γopt
E∆X − γopt

∆X) = sign[(cos x − cos y) + cos y(cos y − 1)] = −1   0 afoÔ t¸ra
cos x ≤ cos y. Sthn per�ptwsh ìpou N1, N2 e�nai peritto� kai N1 ≥ N2, tìte (de
per�ptwsh 2 tou p�naka 3.2)

γopt
E∆X =

2(cos y − 1)

2 + σ2(1 + cos x
2
) + cos y

2
− cos y

+ 1 (3.37)kai [13℄
γopt

∆X =
2(2 + cos x

2
+ cos y

2
)

3 + cos x
2

+ cos y

2
− cos x

− 1. (3.38)àna
 aplì
 algebrikì
 qeirismì
 de�qnei ìti
sign(γopt

E∆X − γopt
∆X) = sign(σ2 − 1)(1 + cos y

2
) = −1   0.Ep� plèon, an N1 ≤ N2, tìte [13℄

γopt
∆X =

2(2 + cos x
2

+ cos y

2
)

3 + cos x
2

+ cos y

2
− cos y

− 1kai sign(γopt
E∆X − γopt

∆X)=sign(cos x− cos y)(1 + cos x
2
) = −1   0 afoÔ t¸ra cos x ≤ cos y,kat� sunèpeia h (3.25) isqÔei gia aut  thn per�ptwsh. Parìmoia prosèggish kaigia ti
 peript¸sei
, ìpou N1 e�nai �rtio kai N2 e�nai perittì kai ant�jeta de�qnei ìtih (3.25) iqÔei ep�sh
 kai gia autè
 ti
 peript¸sei
 sumplhr¸nonta
 thn apìdeixhautoÔ tou por�smato
.

3.4 To ep�mhke
 AnadiploÔmeno PlègmaJa  tan endiafèron na melet soume parap�nw thn per�ptwsh, ìpou h m�a d�sta-sh tou anadiploÔmenou plègmato
 e�nai megalÔterh se sqèsh me thn �llh (stretched

torus).
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Pìrisma 3.4.1 Gia ep�mhke
 anadiploÔmeno plègma kai k�tw apì thn upìjesh toupor�smato
 3.2.3 èqoume ìti
R(E∆X) ≃ 2R(∆X), (3.39)ìpou R(E∆X), R(DF ) dhl¸noun ton rujmì sÔgklish
 th
 EDQ kai DQ, ant�stoiqa.Apodeixh . A
 jewr soume ìti N1 ≫ N2 kai e�nai kai ta dÔo �rtioi, tìte to R(E∆X),d�netai apì thn (de
 (3.11))

R(E∆X) = − log γopt
E∆X ≃

2π2h2
1

1 + σ2

(3.40)afoÔ − log (1 − x) ≃ x kai (de
 per�ptwsh 1 tou p�naka 3.2)
γopt

E∆X = 1 −
1 − cos 2π

N1

1 + σ2
. (3.41)Omo�w
 gia thn DF mèjodo èqoume (de
 (3.28) )

R(∆X) = − log(γopt
DF ) ≃ π2h2

1 (3.42)afoÔ γopt
∆X = 1 −

2(1−cos 2π
N1

)

5−cos 2π
N1

. Diair¸nta
 thn (3.40) kai (3.42) èqoume thn
R(E∆X)

R(∆X)
≃

2

1 + 1
σ2

(3.43)kai ep�sh
 shmei¸noume ìti σ2 → 0 gia N1 → ∞ kai N2 stajerì, h (3.43) katal geisthn (3.39).An t¸ra N1 ≪ N2, tìte R(E∆X) ≃
2π2h2

2

1+ 1
σ2

kai R(∆X) ≃ π2h22 opìte
R(E∆X)

R(∆X)
≃

2

1 + 1
σ2

, (3.44)ìpou t¸ra σ2 → ∞ gia N2 → ∞ kai N1 stajerì kai (3.44) katal gei sthn (3.39).Akolouj¸nta
 parìmoio qeirismì gia ti
 �lle
 peript¸sei
 tou p�naka 3.2 mporoÔmeeÔkola na diapist¸soume ìti h (3.39) e�nai swst .Apì to parap�nw pìrisma èqoume ìti gia to ep�mhke
 anadiploÔmeno plègma o arij-mì
 twn epanal yewn th
 mejìdou EDQ e�nai per�pou o misì
 tou arijmoÔ twn epa-nal yewn th
 mejìdou DQ kai gia ti
 dÔo mejìdou
 gia na petÔqoun to �dio krit rioexisorrìphsh
 th
 ro 
.
Ge¸rgio
 S. Markoman¸lh
 33



H mèjodo
 th
 Di�qush
 gia thn exisorrìphsh fort�ou se d�ktua topolog�a
 plègmato
Kef�laio 4To Plègma (Mesh)
Se aut  thn enìthta ja melet soume to disdi�stato - plègma.4.1 Prosdiorismì
 bèltistwn tim¸n twn paramètrwnJe¸rhma 4.1.1 O par�gonta
 sÔgklish
 γij(Mij) tou telest  Mij elaqistopoie�taisto τ opt

ij kai to ant�stoiqo el�qisto einai γopt
ij , ìpw
 parousi�zetai ston p�naka 4.1,ìpou σij kai σ2 d�nontai apì thn (4.2).

N1, N2 Sunj kh Per�ptwsh τ
opt
ij

γ
opt
ij�rtioi, peritto�, meikt  σij ≥ σ2 1 (2c̃

(1)
i

+ c̃
(2)
j

(1 + cos π
N2

))−1
2c̃

(1)
i

cos π
N1

+ c̃
(2)
j

(1 + cos π
N2

)

2c̃
(1)
i

+ c̃
(2)
j

(1 + cos π
N2

)

σij ≤ σ2 2 (2c̃
(2)
j

+ c̃
(1)
i

(1 + cos π
N1

))−1
c̃
(1)
i

(1 + cos π
N1

) + 2c̃
(2)
j

cos π
N2

c̃
(1)
i

(1 + cos π
N1

) + 2c̃
(2)
jP�naka
 4.1: TÔpoi gia bèltisto τij kai γij se disdi�stato plègma

Apodeixh . H bèltisth tim  gia to τij ja prosdioriste� parìmoia me thn jewr�a giato anadiploÔmeno plègma. E�nai ep�sh
 apara�thto na prosdior�soume to λi,j,2 kaito λi,j,N . Gia ton prosdiorismì tou λi,j,2 èstw ìti ℓ1=0 kai ℓ2=1,   ℓ1=1 kai ℓ2=0 sthn(3.3), autì ma
 d�nei λi,j,2 = 2c̃
(2)
j (1− cos π

N2
)   λi,j,2 = 2c̃

(1)
i (1− cos π

N1
) gia k�je m�a apìti
 parap�nw epilogè
 twn ℓ1, ℓ2, pou odhgoÔn sto akìloujo

λi,j,2 =



















2c̃
(1)
i (1 − cos π

N1
), σij ≥ σ2

2c̃
(2)
j (1 − cos π

N2
), σij ≤ σ2,

(4.1)ìpou
σij =

c̃
(2)
j

c̃
(1)
i

and σ2 =
1 − cos π

N1

1 − cos π
N2

. (4.2)
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H mègisth idiotim  λi,j,N prosdior�zetai d�nonta
 ℓ1 = N1−1 kai ℓ2 = N2−1 sthn (3.3).àqoume ìti ℓ1 = N1 − 1 kai ℓ2 = N2 − 1, opìte èqoume
λi,j,N = 2[c̃

(1)
i (1 − cos(π −

π

N1
)) + c̃

(2)
j (1 − cos(π −

π

N2
))] 

λi,j,N = 2[c̃
(1)
i (1 + cos

π

N1

) + c̃
(2)
j (1 + cos

π

N2

)] (4.3)Qrhsimopoi¸nta
 ti
 ekfr�sei
 λi,j,2 kai λi,j,N pou d�nontai apì ti
 (4.1) kai (4.3),ant�stoiqa sti
 (3.8), (3.9) kai (3.10), èqoume:
τ opt
ij =



















(2c̃
(1)
i + c̃

(2)
j (1 + cos π

N2
))−1, σij ≥ σ2

(2c̃
(2)
j + c̃

(1)
i (1 + cos π

N1
))−1, σij ≤ σ2,

(4.4)
Pij =



























c̃
(1)
i (1+cos π

N1
)+c̃

(2)
j (1+cos π

N2
)

c̃
(1)
i (1−cos π

N1
)

, σij ≥ σ2

c̃
(1)
i (1+cos π

N1
)+c̃

(2)
j (1+cos π

N2
)

c̃
(2)
j (1−cos π

N2
)

, σij ≤ σ2,

(4.5)kai
γij =



























2c̃
(1)
i cos π

N1
+c̃

(2)
j (1+cos π

N2
)

2c̃
(1)
i +c̃

(2)
j (1+cos π

N2
)

, σij ≥ σ2

c̃
(1)
i (1+cos π

N1
)+2c̃

(2)
j cos π

N2

c̃
(1)
i (1+cos π

N1
)+2c̃

(2)
j

, σij ≤ σ2,

(4.6)
4.2 Prosdiorismì
 twn bèltistwn c̃

(1)
i kai c̃

(2)
j .Mèqri autì to shme�o ma
 apasqoloÔse mìno o prosdiorismì
 twn bèltistwn ti-m¸n gia to sÔnolo twn paramètrwn τij sunart sh twn c̃

(1)
i , i = 1, 2, . . . , N1 kai

c̃
(2)
j , j = 1, 2, . . . , N2. Basik� èqoume lÔsei to prìblhma th
 megistopo�hsh
 tou ruj-moÔ sÔgklish
 th
 topik 
 EDQ upojètonta
 ìti gnwr�zoume ta b�rh twn akm¸n tou
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gr�fou kai oi epexergastè
 èqoun k�poia stajer  taqÔthta. Sto epìmeno b ma, japrospaj soume na prosdior�soume ta c̃
(1)
i kai c̃(2)

j ètsi ¸ste ta Pij (opìte kai ta γij)na elaqistopoioÔntai.Je¸rhma 4.2.1 O par�gonta
 sÔgklish
 γij(Mij) elaqistopoie�tai ìtan
c̃
(2)
j = σ2c̃

(1)
i (4.7)kai

τ opt =
τ opt
ij

c̃
(1)
i

(4.8)gia k�je i=1,2,. . . ,N1, j=1,2,. . . ,N2 kai to ant�stoiqo el�qisto e�nai to γopt ìpou τ opt
ijkai γopt d�nontai apì ton p�naka 4.1.

N1, N2 τopt γopt�rtioi, peritto�, meikt  (2 + σ2(1 + cos π
N2

))−1
2 cos π

N1
+ σ2(1 + cos π

N2
)

2 + σ2(1 + cos π
N2

)P�naka
 4.2: TÔpoi gia ti
 bèltiste
 timè
 twn τ opt kai γopt se disdi�stato plègma
Apodeixh . O P arijmì
 sunj kh
 tou Lij lìgw twn (4.1) kai (4.3), d�netai apì thn

Pij(Lij) =



















1 + cos π
N1

+ σ2(1 + cos π
N2

)

1 − cos π
N1

, σij ≥ σ2

1 + cos π
N1

+ σ2(1 + cos π
N2

)

σ2(1 − cos π
N2

)
, σij ≤ σ2.

(4.9)Melet¸nta
 thn sumperifor� th
 parap�nw èkfrash
, se sun�rthsh tou σij mpo-roÔme eÔkola na diapist¸soume ìti elaqistopoie�tai sto σij = σ2, opìte apì thn(4.2) èqoume
ci,j+1wi,j+1

sj+1
= σ2

ci+1,jwi+1,j

si+1
⇒ ci,j+1 = σ2

wi+1,jsj+1

wi,j+1si+1
ci+1,j ⇒

c
(2)
j = σ2 ∗

wi+1,j

wi,j+1
c
(1)
i (4.10)Antikajist¸nta
 thn c

(2)
j pou d�netai apì thn (4.7) sti
 ekfr�sei
 twn τ opt

ij kai γopt
ij stonp�naka 4.1, lamb�noume thn (4.8), ìpou ta τ opt kai γopt d�nontai ìpw
 sthn per�ptwsh
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1 tou p�naka 4.2. Parìmoia apotelèsmata isqÔoun sthn per�ptwsh pou to c
(2)
j e�naiauja�reto.Pìrisma 4.2.2 An oi par�metroi c̃ij se mia di�stash tou plègmato
 e�nai �se
 me thn�dia stajer� kai isqÔei h (4.7), tìte to γ(M), o par�gonta
 sÔgklish
 tou p�nakadi�qush
 M , elaqistopoie�tai sto τ opt

EDF , pou d�netai apì thn (4.8) kai to ant�stoiqoel�qisto e�nai to γopt, ìpou ta τ opt, γopt d�nontai apì ti
 ekfr�sei
 tou p�naka 4.2.Pìrisma 4.2.3 Upì thn upìjesh tou por�smato
 4.2.2 kai an N=N1=N2, tìte o par�-gonta
 sÔgklish
 γ(M) elaqistopoie�tai sto τ opt
EDF pou d�netai apì thn (4.8) me σ2 = 1,

τ opt = (3 + cos
π

N
)−1 (4.11)kai to ant�stoiqo el�qisto d�netai apì thn

γopt =
2 cos π

N
+ (1 + cos π

N
)

3 + cos π
N

(4.12)Apodeixh .An N=N1=N2, tìte σ2=1 opìte oi (4.11) kai (4.12) e�nai lamb�nontai �mesa apì tonp�naka 4.2.Pìrisma 4.2.4 Gia ti
 kanonikopoihmène
 paramètrou
 c̃ij o par�gonta
 sÔgklish

γ(M) elaqistopoie�tai ìtan τ opt

EDF = τ opt kai to ant�stoiqo el�qisto d�netai apì to γoptìpou τ opt, γopt d�nontai apì ti
 ekfr�sei
 tou p�naka 4.24.3 SÔgkrish me thn mèjodo DQAfoÔ gia N1 = N2 h EDQ kai h DQ taut�zontai sto bèltisto st�dio (pìrisma 4.2.3)ja  tan endiafèron na melet soume thn sumperifor� sthn per�ptwsh ìpou N1 6=N2. Anamènoume ìti o rujmì
 sÔgklish
 th
 mejìdou EDQ ja e�nai toul�qiston tìsogr goro
 ìso h DQ sto bèltisto st�dio sÔmfwna me to pìrisma 4.2.2.
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Pìrisma 4.3.1 Upì thn upìjesh tou por�smato
 4.2.2, èqoume ìti
γopt

E∆X ≤ γopt
∆X , (4.13)ìpou γopt

E∆X, γopt
∆X e�nai oi par�gonte
 sugkl�sei
 twn EDQ kai DQ mejìdwn, ant�stoiqa.Apodeixh . A
 upojèsoume ìti N1 ≥ N2 kai x= π

N1
, y= π

N2
. àqoume apì ton p�naka 4.2ìti,

γopt
E∆X =

2 cosx + σ2(1 + cos y)

2 + σ2(1 + cos y)
, (4.14)ìpou

σ2 =
1 − cos x

1 − cos y
≤ 1. (4.15)Apì thn �llh pleur�, h bèltisth tim  tou γDF d�netai apì to [13℄

γopt
∆X =

1 + cos x

2
. (4.16)Epomènw
 èqoume:

γopt
E∆X − γopt

∆X =
2 cos x + σ2(1 + cos y)

2 + σ2(1 + cos y)
−

1 + cos x

2

=
4 cosx + 2σ2(1 + cos y) − (1 + cos x)(2 + σ2(1 + cos y))

4 + 2σ2(1 + cos y)

=
4 cos x + 2σ2 + 2σ2 cos y − 2 − σ2 − σ2 cos y − 2 cosx − σ2 cos x − σ2 cos y cos x

4 + 2σ2(1 + cos y)

=
2 cos x + σ2 + σ2 cos y − 2 − σ2 cos x − σ2 cos y cos x

4 + 2σ2(1 + cos y)

=
2(cos x − 1) − σ2(cos x − 1) − σ2 cos y(cos x − 1)

4 + 2σ2(1 + cos y)

=
(cos x − 1)(2 − σ2 − σ2 cos y)

4 + 2σ2(1 + cos y)
.àna
 aplì
 algebrikì
 qeirismì
 de�qnei ìti

sign(γopt
E∆X − γopt

∆X) = sign[(cos x − 1)(2 − σ2 − σ2 cos y)] = −1.An N1 ≤ N2, tìte [13℄
γopt

E∆X =
1 + cos x + 2σ2 cos y

2σ2 + 1 + cosx
(4.17)

γopt
∆X =

1 + cos y

2
(4.18)

Ge¸rgio
 S. Markoman¸lh
 38



H mèjodo
 th
 Di�qush
 gia thn exisorrìphsh fort�ou se d�ktua topolog�a
 plègmato
Epomènw
 kai lìgw twn 4.17 kai 4.18 èqoume:
γopt

E∆X − γopt
∆X =

1 + cos x + 2σ2 cos y

2σ2 + 1 + cos x
−

1 + cos y

2

=
2 + 2 cosx + 4σ2 cos y − (1 + cos y)(2σ2 + 1 + cosx)

4σ2 + 2 + 2 cosx

=
2 + 2 cosx + 4σ2 cos y − 2σ2 − 1 − cos x − 2σ2 cos y − cos y − cos x cos y

4σ2 + 2 + 2 cosx

=
1 + cos x + 2σ2 cos y − 2σ2 − cos y − cos x cos y

4σ2 + 2 + 2 cosx

=
1 + cos x − 2σ2 − cos y − cos y(cosx − 2σ2)

4σ2 + 2 + 2 cosx

=
1 − cos y + (cos x − 2σ2)(1 − cos y)

4σ2 + 2 + 2 cosx

=
(1 − cos y)(1 + cosx − 2σ2)

4σ2 + 2 + 2 cosx 
sign(γopt

E∆X − γopt
∆X) = sign[(1 − cos y)(1 + cosx − 2σ2)] = −1. afoÔ σ2 ≥ 1

4.4 To ep�mhke
 PlègmaJa  tan endiafèron na melet soume parap�nw thn per�ptwsh, ìpou h m�a d�stashtou plègmato
 e�nai megalÔterh se sqèsh me thn �llh (stretched mesh).Pìrisma 4.4.1 Gia to ep�mhke
 plègma kai k�tw apì thn upìjesh tou por�smato
4.2.2 èqoume ìti
R(E∆X) ≃ 2R(∆X), (4.19)ìpou R(E∆X), R(DF ) sumbol�zoun ton rujmì sÔgklish
 th
 EDQ kai DQ, ant�stoiqa.Apodeixh . A
 jewr soume ìti N1 ≫ N2, tìte to R(E∆X), d�netai apì thn (de
 (??))

R(E∆X) = − log γopt
E∆X (4.20)
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afoÔ − log (1 − x) ≃ x apì p�naka 4.2 èqoume
γopt

E∆X = 1 −
2 − 2 cos π

N1

2 + σ2(1 + cos π
N2

)
. (4.21)Omo�w
 gia thn DF mèjodo èqoume (de
 (4.16) )

R(∆X) = − log(γopt
DF ) (4.22)afoÔ γopt

∆X = 1 −
1−cos π

N1

2
. Diair¸nta
 thn (4.20) kai (4.22) èqoume thn

R(E∆X)

R(∆X)
≃

2−2 cos π
N1

2+σ2(1+cos π
N2

)

1−cos π
N1

2

=

2(1−cos π
N1

)

2+σ2(1+cos π
N2

)

1−cos π
N1

2

=
4

2 + σ2(1 + cos π
N2

)
≃ 2 (4.23)kai ep�sh
 shmei¸noume ìti σ2 → 0 gia N1 → ∞ kai N2 stajerì, h (4.23) katal geisthn (4.19).An t¸ra N1 ≪ N2, tìte afoÔ − log (1 − x) ≃ x apì p�naka 4.2 èqoume

γopt
E∆X = 1 −

2σ2 − 2σ2 cos π
N2

2 + σ2(1 + cos π
N2

)
. (4.24)Omo�w
 gia thn DF mèjodo èqoume (de
 (4.18) )

γopt
∆X = 1 −

1 − cos π
N2

2
(4.25)Diair¸nta
 thn (4.24) kai (4.25) èqoume thn

R(E∆X)

R(∆X)
≃

2σ2(1−cos π
N2

)

2+σ2(1+cos π
N2

)

1−cos π
N2

2

=
4σ2

2 + σ2(1 + cos π
N2

)
≃

4σ2

2σ2
≃ 2 (4.26)ìpou t¸ra σ2 → ∞ gia N2 → ∞ kai N1 stajerì

4.5 SÔgkrish AnadiploÔmenou Plègmato
 kai Plègmato

• Gia N1, N2 �rtioi kai N1 ≫ N2 èqoume,

γopt
EDF,T =

1 + 2σ2 + cos 2π
N1

3 + 2σ2 − cos 2π
N1

(4.27)
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γopt

EDF,M =
2 cos π

N1
+ σ2(1 + cos π

N2
)

2 + σ2(1 + cos π
N2

)
(4.28)àqoume oi RR(E∆X) = 1

R(E∆X)
= 1

− log γApì (4.27),(4.28) èqoume ìti RR(E∆X,M)
RR(E∆X,T )

=

2+σ2(1+cos π
N2

)

2−2 cos π
N1

3+2σ2−cos 2π
N1

2−2 cos 2π
N1

=
2(1 − cos 2π

N1
)(2 + σ2(1 + cos π

N2
))

2(1 − cos π
N1

)(3 + 2σ2 − cos 2π
N1

)

(1 − cos 2π
N1

)(2 + σ2(1 + cos π
N2

))

(1 − cos π
N1

)(3 + 2σ2 − cos 2π
N1

)

=
2(1 − cos π

N1
)(1 + cos π

N1
)(2 + σ2(1 + cos π

N2
))

(1 − cos π
N1

)(3 + 2σ2 − cos 2π
N1

)
=

2(1 + cos π
N1

)(2 + σ2(1 + cos π
N2

))

(3 + 2σ2 − cos 2π
N1

) (4.29)Se aut  thn per�ptwsh èqoume σ2 → 0, N1 → ∞ kai N2 stajerì, epomènw
 apìthn (4.29) èqoume ìti
RR(E∆X, M)

RR(E∆X, T )
≃

8

2
= 4 (4.30)

• Gia N1, N2 peritto� kai N1 ≫ N2 èqoume,
γopt

EDF,T =
cos π

N1
+ cos 2π

N1
+ 2σ2(1 + cos π

N2
)

2 + σ2(1 + cos π
N2

) + cos π
N1

− cos 2π
N1

(4.31)
γopt

EDF,M =
2 cos π

N1
+ σ2(1 + cos π

N2
)

2 + σ2(1 + cos π
N2

)
(4.32)Apì (4.31),(4.32) èqoume ìti RR(E∆X,M)

RR(E∆X,T )
=

2+σ2(1+cos π
N2

)

2−2 cos π
N1

2+σ2(1+cos π
N2

)+cos π
N1

−cos 2π
N1

2−2 cos 2π
N1

=
2(1 − cos 2π

N1
)(2 + σ2(1 + cos π

N2
))

2(1 − cos π
N1

)(2 + σ2(1 + cos π
N2

) + cos π
N1

− cos 2π
N1

)

(1 − cos 2π
N1

)(2 + σ2(1 + cos π
N2

))

(1 − cos π
N1

)(2 + σ2(1 + cos π
N2

) + cos π
N1

− cos 2π
N1

)

=
2(1 − cos π

N1
)(1 + cos π

N1
)(2 + σ2(1 + cos π

N2
))

(1 − cos π
N1

)(2 + σ2(1 + cos π
N2

) + cos π
N1

− cos 2π
N1

)
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2(1 + cos π

N1
)(2 + σ2(1 + cos π

N2
))

2 + σ2(1 + cos π
N2

) + cos π
N1

− cos 2π
N1

(4.33)Se aut  thn per�ptwsh èqoume σ2 → 0, N1 → ∞ kai N2 stajerì, epomènw
 apìthn (4.33) èqoume ìti
RR(E∆X, M)

RR(E∆X, T )
≃

8

2
= 4 (4.34)

• Gia N1 �rtio kai N2 perittì kai N1 ≫ N2 èqoume,
γopt

EDF,T =
1 + cos 2π

N1
+ σ2(1 + cos π

N2
)

3 − cos 2π
N1

+ σ2(1 + cos π
N2

)
(4.35)

γopt
EDF,M =

2 cos π
N1

+ σ2(1 + cos π
N2

)

2 + σ2(1 + cos π
N2

)
(4.36)Apì (4.35),(4.36) èqoume ìti RR(E∆X,M)

RR(E∆X,T )
=

2+σ2(1+cos π
N2

)

2−2 cos π
N1

3−cos 2π
N1

+σ2(1+cos π
N2

)

2−2 cos 2π
N1

=

=
2(1 − cos 2π

N1
)(2 + σ2(1 + cos π

N2
))

2(1 − cos π
N1

)(3 − cos 2π
N1

+ σ2(1 + cos π
N2

))

(1 − cos 2π
N1

)(2 + σ2(1 + cos π
N2

))

(1 − cos π
N1

)(3 − cos 2π
N1

+ σ2(1 + cos π
N2

))

=
2(1 − cos π

N1
)(1 + cos π

N1
)(2 + σ2(1 + cos π

N2
))

(1 − cos π
N1

)(3 − cos 2π
N1

+ σ2(1 + cos π
N2

))

2(1 + cos π
N1

)(2 + σ2(1 + cos π
N2

))

3 − cos 2π
N1

+ σ2(1 + cos π
N2

)
(4.37)Se aut  thn per�ptwsh èqoume σ2 → 0, N1 → ∞ kai N2 stajerì, epomènw
 apìthn (4.37) èqoume ìti

RR(E∆X, M)

RR(E∆X, T )
≃

8

2
= 4 (4.38)

• Gia N1 perittì kai N2 �rtio kai N1 ≫ N2 èqoume,
γopt

EDF,T =
2σ2 + cos π

N1
+ cos 2π

N1

2 + 2σ2 + cos π
N1

− cos 2π
N1

(4.39)
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γopt

EDF,M =
2 cos π

N1
+ σ2(1 + cos π

N2
)

2 + σ2(1 + cos π
N2

)
(4.40)Apì (4.39),(4.40) èqoume ìti RR(E∆X,M)

RR(E∆X,T )
=

2+σ2(1+cos π
N2

)

2−2 cos π
N1

2+2σ2+cos π
N1

−cos 2π
N1

2−2 cos 2π
N1

=

=
2(1 − cos 2π

N1
)(2 + σ2(1 + cos π

N2
))

2(1 − cos π
N1

)(2 + 2σ2 + cos π
N1

− cos 2π
N1

)

(1 − cos 2π
N1

)(2 + σ2(1 + cos π
N2

))

(1 − cos π
N1

)(2 + 2σ2 + cos π
N1

− cos 2π
N1

)

=
2(1 − cos π

N1
)(1 + cos π

N1
)(2 + σ2(1 + cos π

N2
))

(1 − cos π
N1

)(2 + 2σ2 + cos π
N1

− cos 2π
N1

)

2(1 + cos π
N1

)(2 + σ2(1 + cos π
N2

))

2 + 2σ2 + cos π
N1

− cos 2π
N1

(4.41)Se aut  thn per�ptwsh èqoume σ2 → 0, N1 → ∞ kai N2 stajerì, epomènw
 apìthn (4.41) èqoume ìti
RR(E∆X, M)

RR(E∆X, T )
≃

8

2
= 4 (4.42)Epomènw
 sthn EDQ, to anadiploÔmeno plègma e�nai grhgorìtero kat� tèsseri
 fo-rè
 apì to plègma. Oi Xu kai Lau anafèroun ìti h EDQ sto anadiploÔmeno plègmasugkl�nei pio gr gora se sqèsh me to plègma all� den anafèroun k�ti gia thn su-sqètish twn rujm¸n sÔgklish
, opìte to anwtèro apotele� èna nèo apotèlesma.
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Kef�laio 5Arijmhtik� apotelèsmata
5.1 SÔgkrish DQ kai EDQ gia topolog�a plègmato
Gia ta arijmhtik� apotelèsmata arqikopoioÔme ta fort�a stou
 epexergastè
 me tu-qa�o trìpo kai w
 sunj kh termatismoÔ èqoume ìti to sqetikì sf�lma prèpei na e�naimikrìtero tou 10−6

N1 × N2 DQ EDQ Lìgo
 epanal yewn DQ/EDQ5×5 131 131 15×11 596 379 1.575×21 2,167 1,198 1.805×51 11,774 6,290 1.875×101 47,103 24,997 1.886×6 181 181 16×10 496 361 1.376×20 1,634 1,098 1.496×50 11,677 6,379 1.836×100 46,621 24,470 1.90P�naka
 5.1: SÔgkrish twn epanal yewn gia thn DQ kai EDQ se topolog�a plègmato

Ge¸rgio
 S. Markoman¸lh
 44



H mèjodo
 th
 Di�qush
 gia thn exisorrìphsh fort�ou se d�ktua topolog�a
 plègmato
5.2 SÔgkrish anadiploÔmenou plègmato
 kai plègmato
 gia thnEDQ5.2.1 �rtie
   Perittè
 diast�sei
Omo�w
 me prin gia thn arqikopo�hsh kai thn sunj kh sÔgklish
.
N1 × N2 Anad. Plègma Plègma Lìgo
 Plègma/Anad. RR(Plègma)/RR(Anad.)5×5 36 131 3.63 3.15×11 98 379 3.87 3.575×21 308 1,198 3.89 3.865×51 1,704 6,379 3.74 3.975×101 6,647 24,997 3.76 3.996×6 53 181 3.41 3.216×10 97 361 3.72 3.546×20 291 1,098 3.77 3.856×50 1,633 6,379 3.91 3.976×100 6,270 24,470 3.90 3.99P�naka
 5.2: SÔgkrish twn epanal yewn th
 EDQ gia to anadiploÔmeno plègma kaiplègma
5.2.2 H mikt  per�ptwshOmo�w
 me prin gia thn arqikopo�hsh kai thn sunj kh sÔgklish
.
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N1 × N2 Anad. Plègma Plègma Lìgo
 Plègma/Anad. RR(Plègma)/RR(Anad.)5×6 44 160 3.63 3.15×10 85 307 3.61 3.55×20 284 1,041 3.67 3.845×50 1,590 6,300 3.96 3.975×100 6,110 23,483 3.84 3.996×5 44 150 3.40 3.16×11 109 414 3.80 3.596×21 309 1,170 3.79 3.866×51 1,643 6,545 3.98 3.976×101 6,346 24,544 3.87 3.99P�naka
 5.3: SÔgkrish twn epanal yewn th
 EDQ gia to anadiploÔmeno plègma kaiplègma, mikt  per�ptwsh
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Kef�laio 6Sumper�smata - Mellontikì ereunhtikì èrgo
6.1 Ti melet jhke jewrhtik�

• AnadiploÔmeno plègma
• PlègmaH jewr�a tou anadiploÔmenou plègmato
 èqei parousiasje� sthn [9℄ en¸ ta apote-lèsmata gia to plègma e�nai nèa.6.2 Apant sei
 pou dìjhkan me aut  thn diplwmatik H diplwmatik  aut   jele na apant sei sta akìlouja erwt mata:1. An h EDQ e�nai kalÔterh th
 DQ gia to plègma.2. Poia h sumperifor� th
 EDQ gia to ep�mhke
 plègma;3. Pìso kalÔterh e�nai h EDQ gia to anadiploÔmeno plègma se sÔgkrish me toplègma;Oi ant�stoiqe
 apant sei
 sta anwtèrw erwt mata e�nai oi akìlouje
:1. H EDQ ìpw
 apode�qjhke sthn enìthta 4.3 e�nai kalÔterh th
 DQ gia to plègma.2. H EDQ gia to ep�mhke
 plègma, sÔmfwna me th enìthta 4.4 sumperifèretaiìmoia me to anadiploÔmeno plègma kai o rujmì
 sÔgklis 
 th
 e�nai dÔo forè
megalÔtero
 apì th
 DQ.3. SÔmfwna me thn enìthta 4.5 h EDQ gia to anadiploÔmeno e�nai grhgorìterhkat� tèsseri
 forè
 se sqèsh me thn EDQ gia to plègma.
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6.3 Mellontikì Ereunhtikì àrgo
• Na melethje� to n−di�stato plègma
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PARARTHMA
P.1 Teqnik� Qarakthristik�H ulopo�hsh th
 jewr�a
 pragmatopoi jhke me thn gl¸ssa progrmmatismoÔ C seperib�llon linux. H efarmog  èqei dokimaste� seCentos5.2, Suse kai Scientific linux.Perissìtere
 plhrofor�e
 up�rqoun sto cd.P.2 K¸dika
Eisagwg  Dedomènwn
#include <stdio.h>
#include <string.h>
#include <stdlib.h>
#include <malloc.h>
#include <math.h>
#include <time.h>
#include <ctype.h>

void Display_Message(int argc);
int Read_parameter(char *inputfile, int *N1, int *N2, int *max_iter,
double *tol, int *m, int *kappa, double *temp);
void Help_Insert(char *tmp, char *dmp, void *var, FILE *fp, char type);
double *v_get(int Nmax);
void m_init(int N1, int N2, double **pinax);
double **m_get(int nr, int nc);
int free_dmatrix(double **m,int nr,int nc);
int free_vmatrix(double *m);
void Random_matrix_gen(double **Mat, int N1, int N2);
void Matrix_To_File(FILE *fp, int N1, int N2);
void Print_Matrix(double **Mat, int N1, int N2);
double Norma_2(double **Mat, int N1, int N2, double Average);
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double Norma_22(double **Mat, int N1, int N2, double **Average);
void Read_From_File(FILE *fp, double **mat, int N1, int N2);

#include "DF_Schemes.c"
#include "2nd_peirama_EDF_Schemes.c"
#include "MESH_EDF_Schemes.c"
#include "Mesh_DF_Schemes.c"

int main(int argc, char **argv)
{
double tol; // Tolerance
int max_iter; // Max number of iterations
int N1; // Number of processors in vertical axis
int N2; // Number of processors in horizontal axis
int steps; // Number of steps
int m;
int kappa;
double temp;
FILE *fp;

/* Displays a message if number of parameters is wrong */
Display_Message(argc);

char *filename = argv[1];

/* Read parameter values from file */
Read_parameter(filename,&N1,&N2,&max_iter,&tol,&m,&kappa,&temp);

if( (fp = (FILE*)fopen("values","w+")) == NULL) perror("fopen"), exit(1);
Matrix_To_File(fp,N1,N2);
fclose(fp);

/* Diffusion method */
steps = DF_TORUS(tol,max_iter,N1,N2);
printf("DF, steps = %d\n\n", steps);

/* Extrapolated Diffusion Method */
steps = EDF_TORUS_2peirama(tol,max_iter,N1,N2);
printf("2nd_peirama_EDF, steps = %d\n\n", steps);

/* Diffusion method */
steps = DF_MESH(tol,max_iter,N1,N2);
printf("DF, steps = %d\n\n", steps);

/* Extrapolated Diffusion Method */
steps = EDF_MESH(tol,max_iter,N1,N2);
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printf("mesh_EDF, steps = %d\n\n", steps);

//printf("**********************************\n");
//getc(stdin);

return 0;
}

// Function which reads the matrix from the file named "values"
void Read_From_File(FILE *fp, double **mat, int N1, int N2)
{
register int i, j;
int a;

for(i = 0; i < N1; i++)
for(j = 0; j < N2; j++) {

fscanf(fp,"%lf ", &mat[i][j]);
}

return;
}

// Function which generates a random matrix and prints it to a file
void Matrix_To_File(FILE *fp, int N1, int N2)
{
register int i, j;

srand(time(NULL));

for(i = 0; i < N1; i++) {
for(j = 0; j < N2; j++)

fprintf(fp,"%d ", 1+(int) (100.0*rand()/(RAND_MAX+1.0)));
fprintf(fp,"\n");

}

return;
}

// Function which computes the max norma of a matrix
double Norma_22(double **Mat, int N1, int N2, double **Average)
{
double sum = 0.0;
register int i, j;

for(i = 0; i < N1; i++)
for(j = 0; j < N2; j++)
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sum = sum + (Mat[i][j]-Average[i][j])*(Mat[i][j]

-Average[i][j]);

sum = sqrt(sum);

return sum;
}

double Norma_2(double **Mat, int N1, int N2, double Average)
{
double sum = 0.0;
register int i, j;

for(i = 0; i < N1; i++)
for(j = 0; j < N2; j++)

sum = sum + (Mat[i][j]-Average)*(Mat[i][j]-Average);

sum = sqrt(sum);

return sum;
}

// Function which gives random numbers to all elements of a matrix
void Random_matrix_gen(double **Mat, int N1, int N2)
{
register int i, j;

for(i = 0; i < N1; i++)
for(j = 0; j < N2; j++)

Mat[i][j] = rand()%100;

return;
}

// Function which prints a matrix on the screen
void Print_Matrix(double **Mat, int N1, int N2)
{
register int i, j;

for(i = 0; i < N1; i++) {
for(j = 0; j < N2; j++) {

printf("%.3lf ", Mat[i][j]);
}
printf("\n");

}
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printf("\n");
return;
}

/*Function which controls if have inserted all the needed parameters

* from the command line.the proper usage is ’./a.out filename’.If

* the name of the filename does not exist then a message displayed

* on the screen*/
void Display_Message(int argc)
{
system("clear");

if(argc == 1)
{

fprintf(stdout,"\nError: Wrong number of parameters...");
fprintf(stdout,"\n\nUsage:\n ./x filename\n");
fprintf(stdout,"\n\n Where:");
fprintf(stdout,"\n\tfilename = \"The name of input data
file\"\n\n");
exit(1);

}
return;

}

/*This function read all program parameters and store them at the

* variables.The name of the file is given from the command line.

* This function return a value may be used for error handling*/
int Read_parameter(char *inputfile, int *N1, int *N2,

int *max_iter, double *tol,
int *m, int *kappa, double *temp)
{
FILE *fp1;
char tmp[80], dmp[3];
if( (fp1 = (FILE*)fopen(inputfile,"r+")) == NULL )

fprintf(stderr,"Error opening file.\n"), exit(1);

Help_Insert(tmp,dmp,&(*N1),fp1,’i’);
Help_Insert(tmp,dmp,&(*N2),fp1,’i’);
Help_Insert(tmp,dmp,&(*max_iter),fp1,’i’);
Help_Insert(tmp,dmp,&(*tol),fp1,’d’);
Help_Insert(tmp,dmp,&(*m),fp1,’i’);
Help_Insert(tmp,dmp,&(*kappa),fp1,’i’);
Help_Insert(tmp,dmp,&(*temp),fp1,’d’);
fclose(fp1);
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return 0;

}

/*function which provides us a method to insert the values from the

* data file with the call of one function for each variable*/
void Help_Insert(char *tmp, char *dmp, void *var, FILE *fp, char type)
{

switch (type)
{

case ’i’:
{
fgets(tmp,80,fp);
//printf("%s\n",tmp);
fscanf(fp,"%d",&(*((int *)var)));
//printf("%1.3d\n",*((int *)var));
fgets(dmp,3,fp);
break;

}
case ’d’:
{
fgets(tmp,80,fp);
//printf("%s\n",tmp);
fscanf(fp,"%lf",&(*((double *)var)));
//printf("%1.3lf\n",*((double *)var));
fgets(dmp,3,fp);
break;

}
}
return;

}

/*Sunarthsh poy elegxei an yparxei xwros na desmeytei apo thn malloc*/
/*Xrhsimopoieitai gia th dhmioyrgreia dianysmatwn*/
double *v_get(int Nmax)
{

register int i;
double *ptr;

ptr = (double*)malloc((Nmax+1)*sizeof(double));

if(ptr == NULL) {
fprintf(stdout,"Not enough memory to allocate the buffer\n\n");
exit(1);

}
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for(i = 0; i < Nmax+1; i++)

*(ptr+i) = 0.;

return ptr;
}

/* This function initializes 2-d matrix to zero */
void m_init(int N1, int N2, double **pinax)
{
register int i, j;

for(i = 0; i < N1; i++)
for(j = 0; j < N2; j++)

pinax[i][j] = 0.;

return;
}

/* Function which allocates space for a two dimensioned matrix .
The matrix has nr rows and nc cols*/

double **m_get(int nr, int nc)
{

int i;
double **m;

if( (m = (double**)calloc(nr,(unsigned)sizeof(double*)) ) == NULL)
{

printf("no more memory\n"), exit(0);
}

for(i = 0; i <= nr-1; i++) {
if ( (m[i] = (double*)calloc(nc,(unsigned)sizeof(double)) ) ==

NULL) {
printf("no more memory\n"), exit(0);

}
}

m_init(nr,nc,m);

return (m);
}

/*SYNARTHSH POY APELEYTHERAWNEI TO XWRO POY EXEI DESMEYTEI GIA ENA

* PINAKA DYO DIASTASEWN*/
int free_dmatrix(double **m,int nr,int nc)
{
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register int i;

/* for (i=nr-1;i>=0;i--) */
for (i=0 ; i < nr; i++) {
free( (double*)m[i] );

}
free( (double*)m );
return(0);

}

/*SYNARTHSH POY APELEYTHERAWNEI TO XWRO POY EXEI DESMEYTEI GIA ENA
DIANYSMA*/
int free_vmatrix(double *m)
{

free(m);
return 0;

}

AnadiploÔmeno PlègmaDQ
// Function which implements the diffusion method
int DF_TORUS(double tol, int max_iter, int N1, int N2)
{
int steps = 0;
int max = 0;
register int i, j;
double Average_W = 0.0,sums,sumu;
double sigma_2 = 0.0;
double norm = 0.0;
double T;
double **W = m_get(N1,N2);
double **S = m_get(N1,N2);
double **LL = m_get(N1,N2);
double **Temp = m_get(N1,N2);
FILE *fp;

// Reads the random generated matrix from file "values"
if( (fp = (FILE*)fopen("values","r+")) == NULL) perror("fopen"), exit(1);
Read_From_File(fp,W,N1,N2);
fclose (fp);
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// Finds the max of N1, N2
if(N1 >= N2)
max = N1;
else
max = N2;

// Choose the value of T depending on number of processors
// in each dimension

if((N1%2 == 0) && (N2%2 == 0))
T = 1./(5. - cos(2.*M_PI/(double)max));

else if((N1%2 != 0) && (N2%2 != 0))
T = 1./(3. + cos(M_PI/(double)N1)

+ cos(M_PI/(double)N2) -
cos(2.*M_PI/(double)max));

else exit(1);

printf("T = %lf\n", T);

for(i = 0; i < N1; i++)
{

for( j = 0; j < N2; j++)
{

S[i][j]=1;
}
}

sums=0.0;
sumu=0.0;

for(i = 0; i < N1; i++)
{

for( j = 0; j < N2; j++)
{
sums=sums+S[i][j];
sumu=sumu+W[i][j];
}

}

for(i = 0; i < N1; i++)
for(j = 0; j < N2; j++)
{
LL[i][j]=sumu*S[i][j]/sums;
}
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// Computation of average value
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
Average_W += W[i][j];

Average_W /= N1*N2;

// Computation of ||U(0) - U_bar||_2
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
norm = norm + (W[i][j]-LL[i][j])*(W[i][j]-LL[i][j]);

// norm = norm + (W[i][j]-Average_W)*(W[i][j]-Average_W);
norm = sqrt(norm);

//printf("Average_W : %lf\n", Average_W);

while(steps < max_iter) {

// Inner points
for(i = 1; i <= N1-2; i++)

for(j = 1; j <= N2-2; j++)
Temp[i][j] = W[i][j] - T*(4*W[i][j] - W[i-1][j] -

W[i+1][j] - W[i][j-1] - W[i][j+1]);

// North points
for(j = 1; j <= N2-2; j++)

Temp[0][j] = W[0][j] - T*(4*W[0][j] - W[N1-1][j] - W[1][j]
- W[0][j-1] - W[0][j+1]);

// South points
for(j = 1; j <= N2-2; j++)
Temp[N1-1][j] = W[N1-1][j] - T*(4*W[N1-1][j] - W[N1-1][j-1]

- W[N1-1][j+1] - W[N1-2][j] - W[0][j]);

// West points
for(i = 1; i <= N1-2; i++)
Temp[i][0] = W[i][0] - T*(4*W[i][0] - W[i][N2-1] - W[i][1]

- W[i-1][0] - W[i+1][0]);

// East points
for(i = 1; i <= N1-2; i++)
Temp[i][N2-1] = W[i][N2-1] - T*(4*W[i][N2-1] - W[i][N2-2] - W[i][0]

- W[i-1][N2-1] - W[i+1][N2-1]);

// Four corner points
Temp[0][0] = W[0][0] - T*(4*W[0][0] - W[N1-1][0] - W[1][0] - W[0][N2-1]
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- W[0][1]);

Temp[0][N2-1] = W[0][N2-1] - T*(4*W[0][N2-1] - W[0][N2-2] - W[0][0]
- W[N1-1][N2-1] - W[1][N2-1]);

Temp[N1-1][0] = W[N1-1][0] - T*(4*W[N1-1][0] - W[N1-2][0] - W[0][0]
- W[N1-1][N2-1] - W[N1-1][1]);

Temp[N1-1][N2-1] = W[N1-1][N2-1] - T*(4*W[N1-1][N2-1] - W[N1-1][N2-2]
- W[N1-1][0] - W[N1-2][N2-1] - W[0][N2-1]);

// if(Norma_2(W,N1,N2,Average_W)/norm < tol) break;
if(Norma_22(Temp,N1,N2,LL)/norm < tol) break;

// Copy Temp to W
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
W[i][j] = Temp[i][j];

// Increase the number of steps
steps++;
}

//Print_Matrix(W,N1,N2);

return steps;
}

\subsubsection*{EDQ}
% \en
% \lstinputlisting{kodikas/2nd_peirama_EDF_Schemes.c}
% \gr

// Function which implements the extrapolated diffusion method
int EDF_TORUS_2peirama(double tol, int max_iter, int N1, int N2)
{
int steps = 0;
register int i, j;
double Average_W = 0.0,sums,sumu;
double sigma_2 = 0.0;
double norm = 0.0;
double *C1 = v_get(N1);
double *C2 = v_get(N2);

double T;
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double **W = m_get(N1,N2);
double **w1 = m_get(N1,N2);
double **w2 = m_get(N1,N2);

double **S = m_get(N1,N2);
double **LL = m_get(N1,N2);

double **Temp = m_get(N1,N2);
FILE *fp;

// Reads the random generated matrix from file "values"
if( (fp = (FILE*)fopen("values","r+")) == NULL) perror("fopen"), exit(1);
Read_From_File(fp,W,N1,N2);
fclose (fp);

// Computation of sigma_2
sigma_2 = (1. - cos((2.*M_PI)/(double)N1))/(1. -

cos((2.*M_PI)/(double)N2));

srand(time(NULL));

for(i=0;i<N1;i++)
{

for(j=0;j<N2;j++)
{

w1[i][j] = (double)((100.0*rand()/(RAND_MAX+1.0)));
}

}
srand(time(NULL) + 10000*j);

for(i=0;i<N1;i++)
for(j=0;j<N2;j++)
{

w2[i][j] = (double)((100.0*rand()/(RAND_MAX+1.0)));
}

for(i = 0; i < N1; i++)
{

for( j = 0; j < N2; j++)
{
S[i][j]=1;
}

}

Ge¸rgio
 S. Markoman¸lh
 60



H mèjodo
 th
 Di�qush
 gia thn exisorrìphsh fort�ou se d�ktua topolog�a
 plègmato

sums=0.0;
sumu=0.0;
for(i = 0; i < N1; i++)
{

for( j = 0; j < N2; j++)
{
sums=sums+S[i][j];
sumu=sumu+W[i][j];
}

}

for(i = 0; i < N1; i++)
for(j = 0; j < N2; j++)
{
LL[i][j]=sumu*S[i][j]/sums;
}

for(i = 0; i < N1; i++)
{
// C1[i] = 1+(int) (1.0*rand()/(RAND_MAX+1.0));

C1[i] = 1;
for( j = 0; j < N2; j++)

C2[j] = sigma_2*C1[i];
}

// Choose the value of T depending on number of processors
// in each dimension
if((N1%2 == 0) && (N2%2 == 0))

T = 1./(3. + 2.*sigma_2 - cos(2.*M_PI/(double)N1));
else if((N1%2 != 0) && (N2%2 != 0))

T = 1./(2. + sigma_2*(1.+cos(M_PI/(double)N2))
+ cos(M_PI/(double)N1) - cos(2.*M_PI/(double)N1));

else exit(1);

printf("T = %lf\n", T);

// Computation of average value
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
Average_W += W[i][j];

Average_W /= N1*N2;

// Computation of ||U(0) - U_bar||_2
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for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
norm = norm + (W[i][j]-LL[i][j])*(W[i][j]-LL[i][j]);

// norm = norm + (W[i][j]-Average_W)*(W[i][j]-Average_W);
norm = sqrt(norm);

while(steps < max_iter) {

// Inner points
for(i = 1; i <= N1-2; i++)

for(j = 1; j <= N2-2; j++)
Temp[i][j] = W[i][j] - T*C2[j]*(2*W[i][j] - W[i][j-1] - W[i][j+1])
- T*C1[i]*(2*W[i][j] - W[i-1][j] - W[i+1][j]);

// North points
for(j = 1; j <= N2-2; j++)

Temp[0][j] = W[0][j] - T*C2[j]*(2*W[0][j] - W[0][j-1] -
W[0][j+1]) - T*C1[0]*(2*W[0][j] - W[N1-1][j] - W[1][j]);

// South points
for(j = 1; j <= N2-2; j++)
Temp[N1-1][j] = W[N1-1][j] - T*C2[j]*(2*W[N1-1][j] - W[N1-1][j-1]

- W[N1-1][j+1])- T*C1[N1-1]*(2*W[N1-1][j]
- W[N1-2][j] - W[0][j]);

// West points
for(i = 1; i <= N1-2; i++)
Temp[i][0] = W[i][0] - T*C2[0]*(2*W[i][0] - W[i][N2-1] - W[i][1])

- T*C1[i]*(2*W[i][0] - W[i-1][0] - W[i+1][0]);

// East points
for(i = 1; i <= N1-2; i++)
Temp[i][N2-1] = W[i][N2-1] - T*C2[N2-1]*(2*W[i][N2-1] - W[i][N2-2]

- W[i][0])- T*C1[i]*(2*W[i][N2-1]
- W[i-1][N2-1] - W[i+1][N2-1]);

// Four corner points
Temp[0][0] = W[0][0] - T*C2[0]*(2*W[0][0] - W[0][N2-1] - W[0][1])

- T*C1[0]*(2*W[0][0] - W[N1-1][0] - W[1][0]);

Temp[0][N2-1] = W[0][N2-1] - T*C2[N2-1]*(2*W[0][N2-1] - W[0][N2-2]
- W[0][0]) - T*C1[0]*(2*W[0][N2-1]
- W[N1-1][N2-1] - W[1][N2-1]);

Temp[N1-1][0] = W[N1-1][0] - T*C2[0]*(2*W[N1-1][0] - W[N1-1][N2-1]
- W[N1-1][1]) - T*C1[N1-1]*(2*W[N1-1][0]
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- W[N1-2][0] - W[0][0]);

Temp[N1-1][N2-1] = W[N1-1][N2-1] - T*C2[N2-1]*(2*W[N1-1][N2-1]
- W[N1-1][N2-2] - W[N1-1][0])- T*C1[N1-1]*

(2*W[N1-1][N2-1] - W[N1-2][N2-1] - W[0][N2-1]);

if(Norma_22(Temp,N1,N2,LL)/norm < tol) break;

// Copy Temp to W
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
W[i][j] = Temp[i][j];

// Increase the number of steps
steps++;
}

return steps;
}

PlègmaDQ
// Function which implements the diffusion method
int DF_MESH(double tol, int max_iter, int N1, int N2)
{
int steps = 0;
int max = 0;
register int i, j;
double Average_W = 0.0,sumu,sums;
double sigma_2 = 0.0;
double norm = 0.0;
double T;
double **W = m_get(N1,N2);
double **S = m_get(N1,N2);
double **LL = m_get(N1,N2);
double **Temp = m_get(N1,N2);
FILE *fp;

// Reads the random generated matrix from file "values"
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if( (fp = (FILE*)fopen("values","r+")) == NULL) perror("fopen"), exit(1);
Read_From_File(fp,W,N1,N2);
fclose (fp);

// Finds the max of N1, N2
if(N1 >= N2)
T = 1./(3. + cos(M_PI/(double)N2));
else
T = 1./(3. + cos(M_PI/(double)N1));

// // Finds the max of N1, N2
// if(N1 >= N2)
// T = 1./(1. - cos(M_PI/(double)N2));
// else
// T = 1./(1. - cos(M_PI/(double)N1));

printf("T = %lf\n", T);

for(i = 0; i < N1; i++)
{

for( j = 0; j < N2; j++)
{
S[i][j]=1;
}

}

sums=0.0;
sumu=0.0;
for(i = 0; i < N1; i++)
{

for( j = 0; j < N2; j++)
{
sums=sums+S[i][j];
sumu=sumu+W[i][j];
}

}

for(i = 0; i < N1; i++)
for(j = 0; j < N2; j++)
{
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LL[i][j]=sumu*S[i][j]/sums;
}

// Computation of average value
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
Average_W += W[i][j];

Average_W /= N1*N2;

// Computation of ||U(0) - U_bar||_2
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
norm = norm + (W[i][j]-LL[i][j])*(W[i][j]-LL[i][j]);

// norm = norm + (W[i][j]-Average_W)*(W[i][j]-Average_W);
norm = sqrt(norm);

//printf("Average_W : %lf\n", Average_W);

while(steps < max_iter) {

// Inner points
for(i = 1; i <= N1-2; i++)

for(j = 1; j <= N2-2; j++)
Temp[i][j] = W[i][j] - T*(4*W[i][j] - W[i-1][j] - W[i+1][j]

- W[i][j-1] - W[i][j+1]);

// North points
for(j = 1; j <= N2-2; j++)

Temp[0][j] = W[0][j] - T*(3*W[0][j] - W[1][j] - W[0][j-1]
- W[0][j+1]);

// South points
for(j = 1; j <= N2-2; j++)
Temp[N1-1][j] = W[N1-1][j] - T*(3*W[N1-1][j] -

W[N1-1][j-1] - W[N1-1][j+1] - W[N1-2][j]);

// West points
for(i = 1; i <= N1-2; i++)
Temp[i][0] = W[i][0] - T*(3*W[i][0] - W[i][1] -

W[i-1][0] - W[i+1][0]);

// East points
for(i = 1; i <= N1-2; i++)
Temp[i][N2-1] = W[i][N2-1] - T*(3*W[i][N2-1] -

W[i][N2-2] - W[i-1][N2-1] - W[i+1][N2-1]);
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// Four corner points
Temp[0][0] = W[0][0] - T*(2*W[0][0] - W[1][0] - W[0][1]);
Temp[0][N2-1] = W[0][N2-1] - T*(2*W[0][N2-1] - W[0][N2-2] - W[1][N2-1]);
Temp[N1-1][0] = W[N1-1][0] - T*(2*W[N1-1][0] - W[N1-2][0] - W[N1-1][1]);
Temp[N1-1][N2-1] = W[N1-1][N2-1] - T*(2*W[N1-1][N2-1] - W[N1-1][N2-2]

-W[N1-2][N2-1]);

// Termination creterion
// if(Norma_2(W,N1,N2,Average_W)/norm < tol) break;
if(Norma_22(Temp,N1,N2,LL)/norm < tol) break;

// Copy Temp to W
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
W[i][j] = Temp[i][j];

// Increase the number of steps
steps++;
}

//Print_Matrix(W,N1,N2);

return steps;
}

EDQ
/*
MESH

*/

// Function which implements the extrapolated diffusion method
int EDF_MESH(double tol, int max_iter, int N1, int N2)
{
int steps = 0;
register int i, j;
double Average_W = 0.0,sums,sumu;
double sigma_2 = 0.0;
double norm = 0.0;
double *C1 = v_get(N1);
double *C2 = v_get(N2);
double T;
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double **W = m_get(N1,N2);
double **S = m_get(N1,N2);
double **LL = m_get(N1,N2);
double **Temp = m_get(N1,N2);
FILE *fp;

// Reads the random generated matrix from file "values"
if( (fp = (FILE*)fopen("values","r+")) == NULL) perror("fopen"),
exit(1);
Read_From_File(fp,W,N1,N2);
fclose (fp);

// Computation of sigma_2
sigma_2 = (1. - cos((M_PI)/(double)N1))/(1. -
cos((M_PI)/(double)N2));

for(i = 0; i < N1; i++)
{
// C1[i] = 1+(int) (1.0*rand()/(RAND_MAX+1.0));

C1[i] = 1;
for( j = 0; j < N2; j++)

C2[j] = sigma_2*C1[i];
}

for(i = 0; i < N1; i++)
{

for( j = 0; j < N2; j++)
{
S[i][j]=1;
}

}

sums=0.0;
sumu=0.0;
for(i = 0; i < N1; i++)
{

for( j = 0; j < N2; j++)
{
sums=sums+S[i][j];
sumu=sumu+W[i][j];
}

}

for(i = 0; i < N1; i++)
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for(j = 0; j < N2; j++)
{
LL[i][j]=sumu*S[i][j]/sums;
}

// Choose the value of T depending on number of
// processors in each dimension

if(N1 >= N2)
T = 1./(2. + sigma_2*(1+ cos(M_PI/(double)N2)));
else
T = 1./(2.*sigma_2 + 1+ cos(M_PI/(double)N1));

// if((N1%2 == 0) && (N2%2 == 0))
// T = 1./(3. + 2.*sigma_2 - cos(M_PI/(double)N1));
// else if((N1%2 != 0) && (N2%2 != 0))
// T = 1./(2. + sigma_2*(1.+cos(M_PI/(double)(2.*N2))) +
cos(M_PI/(double)(2.*N1)) - cos(M_PI/(double)N1));
// else exit(1);

printf("T = %lf\n", T);

// Computation of average value
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
Average_W += W[i][j];

Average_W /= N1*N2;

// Computation of ||U(0) - U_bar||_2
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
norm = norm + (W[i][j]-LL[i][j])*(W[i][j]-LL[i][j]);

// norm = norm + (W[i][j]-Average_W)*(W[i][j]-Average_W);
norm = sqrt(norm);

while(steps < max_iter) {

// Inner points
for(i = 1; i <= N1-2; i++)

for(j = 1; j <= N2-2; j++)
Temp[i][j] = W[i][j] - T*C2[j]*(2*W[i][j] - W[i][j-1] - W[i][j+1])

- T*C1[i]*(2*W[i][j] - W[i-1][j] - W[i+1][j]);

// North points
for(j = 1; j <= N2-2; j++)

Ge¸rgio
 S. Markoman¸lh
 68



H mèjodo
 th
 Di�qush
 gia thn exisorrìphsh fort�ou se d�ktua topolog�a
 plègmato

Temp[0][j] = W[0][j] - T*C2[j]*(2*W[0][j] - W[0][j-1] -
W[0][j+1]) - T*C1[0]*(W[0][j] - W[1][j]);

// South points
for(j = 1; j <= N2-2; j++)
Temp[N1-1][j] = W[N1-1][j] - T*C2[j]*(2*W[N1-1][j] -
W[N1-1][j-1] - W[N1-1][j+1])- T*C1[N1-1]*(W[N1-1][j] -
W[N1-2][j]);

// West points
for(i = 1; i <= N1-2; i++)
Temp[i][0] = W[i][0] - T*C2[0]*(W[i][0] - W[i][1])

T*C1[i]*(2*W[i][0] - W[i-1][0] - W[i+1][0]);

// East points
for(i = 1; i <= N1-2; i++)
Temp[i][N2-1] = W[i][N2-1] - T*C2[N2-1]*(W[i][N2-1] - W[i][N2-2])
- T*C1[i]*(2*W[i][N2-1] - W[i-1][N2-1] - W[i+1][N2-1]);

// Four corner points
Temp[0][0] = W[0][0] - T*C2[0]*(W[0][0] - W[0][1])

- T*C1[0]*(W[0][0] - W[1][0]);

Temp[0][N2-1] = W[0][N2-1] - T*C2[N2-1]*(W[0][N2-1] - W[0][N2-2])
- T*C1[0]*(W[0][N2-1] - W[1][N2-1]);

Temp[N1-1][0] = W[N1-1][0] - T*C2[0]*(W[N1-1][0] - W[N1-1][1])
- T*C1[N1-1]*(W[N1-1][0] - W[N1-2][0]);

Temp[N1-1][N2-1] = W[N1-1][N2-1] - T*C2[N2-1]*(W[N1-1][N2-1]
- W[N1-1][N2-2]) - T*C1[N1-1]*(W[N1-1][N2-1] - W[N1-2][N2-1]);

// Termination creterion
// if(Norma_2(W,N1,N2,Average_W)/norm < tol) break;
if(Norma_22(Temp,N1,N2,LL)/norm < tol) break;

// Copy Temp to W
for(i = 0; i < N1; i++)

for(j = 0; j < N2; j++)
W[i][j] = Temp[i][j];

// Increase the number of steps
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steps++;
}

//Print_Matrix(W,N1,N2);

return steps;
}
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