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Abstract It is proved that “FIFO” worksharing protocols provide asymptotically
optimal solutions to two problems related to sharing large collections of indepen-
dent tasks in a heterogeneous network of workstations (HNOW) N . In the HNOW-
Exploitation Problem, one seeks to accomplish as much work as possible on N during
a prespecified fixed period of L time units. In the HNOW-Rental Problem, one seeks
to complete W units of work by “renting” N for as short a time as necessary. The
worksharing protocols we study are crafted within an architectural model that char-
acterizes N via parameters that measure N ’s workstations’ computational and com-
municational powers. All valid protocols are self-scheduling, in the sense that they
determine completely both an amount of work to allocate to each of N ’s worksta-
tions and a schedule for all related interworkstation communications. The schedules
provide either a value for W given L, or a value for L given W , hence solve both of
the motivating problems. A protocol observes a FIFO regimen if it has N ’s worksta-
tions finish their assigned work, and return their results, in the same order in which
they are supplied with their workloads. The proven optimality of FIFO protocols re-
sides in the fact that they accomplish at least as much work as any other protocol
during all sufficiently long worksharing episodes, and that they complete sufficiently
large given collections of tasks at least as fast as any other protocol. Simulation ex-
periments illustrate that the superiority of FIFO protocols is often observed during
worksharing episodes of only a few minutes’ duration.
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1 Introduction

1.1 Worksharing in a “Rented” Heterogeneous NOW

For roughly a decade, the technological and economic inevitability of cluster
computing—the use of a network of workstations1 (NOW) as a parallel computer—
has been recognized; cf. [3, 23]. During that period, systems too numerous to list
have been developed to facilitate the mechanics of NOW-based computing. To this
point, however, rather few sources have sought rigorously analyzed guidelines for
scheduling broad classes of individual computations on NOWs, especially node-
heterogeneous ones (HNOWs), whose workstations may differ in processor and
memory speeds. This paper is devoted to a rigorous analysis of an apparently sim-
ple, yet technically complex HNOW-scheduling problem that we call the HNOW-
Exploitation Problem (the HEP, for short).

The HEP is defined by the following simple computing scenario. We own worksta-
tion P0 and have a large collection of computationally independent tasks of (arbitrary
but) equal sizes and complexities2 to compute. We arrange to “rent” an HNOW N for
a period during which N ’s workstations are dedicated to our workload. During the
“rental” period, P0 sends a single work-containing message to each of N ’s worksta-
tions. Upon receiving its workload, a workstation computes its tasks and transmits its
results—in a single message—back to P0. (Somewhat surprisingly, having to account
for the pairs of message transmissions—one to deliver work to each “rented” work-
station, the other to deliver results from each “rented” workstation—significantly
complicates our algorithmic analyses.) Our goal is to develop an allocation-plus-
scheduling strategy that utilizes N optimally, in the context of the following prob-
lems.

The HNOW-Exploitation Problem (HEP) One has access to N for a prespecified
fixed period of time (the “lifespan”), and one seeks to accomplish as much work as
possible during this period.

The HNOW-Rental Problem One seeks to complete W units of work on N during
as short a “rental” period as possible.

Within our model, the preceding two problems are computationally equivalent,
in the sense that an (asymptotically) optimal solution to either—where “asymptotic”
means “over sufficiently long lifespans”—can be converted to an (asymptotically)
optimal solution for the other3; therefore, we lose no generality by focusing hence-
forth on the HEP. Our main results provide an asymptotically optimal algorithm for
the HEP within the following model (whose details are spelled out in Sect. 2).

1We use “workstation” to refer generically to a computer in a cluster, whether it is a pc or a smp.
2“Size” measures the difficulty of specifying a task; “complexity” measures its computational difficulty.
3This equivalence is proved in Sect. 5.
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• Our study employs a model for HNOWs that is inspired by the HiHCoHP model
of [15], which can be viewed as a heterogeneous, long-message extension to the
homogeneous LogP and LogGP models of [2, 17].

• Our study employs the Divisible Load model of [12] and related sources, meaning
that computational tasks can be partitioned into subtasks of arbitrary granularities.

• Our HNOWs are node-heterogeneous but network-homogeneous: all workstations
communicate over a single network at uniform cost.

• Workstations can compute while communicating, but they can send only one mes-
sage at a time and receive only one message at a time.

• We orchestrate communications so that at most one message is traversing the net-
work at any moment. This is referred to as “the bus model” in [9].

• Most of our results (cf. Sect. 1.2) adopt an affine cost model for communication:
after a fixed setup time, communication proceeds at a uniform marginal rate per
packet. One component of our main result is asymptotic in the lifespan, hence
effectively employs a simpler, linear cost model that effectively ignores the setup
time.

• Because of the nonnegligible communication setup cost that most of our results ac-
count for, we consider only worksharing protocols under which each client work-
station receives work from P0, and transmits results to P0, in a single message.

1.2 Our Main Results

Section 2 develops the framework for our study: Sect. 2.1 presents details on the
model outlined in Sect. 1.1, and Sect. 2.2 presents a formal model of protocol for
solving the HEP. Section 2.3 establishes the nonasymptotic fact that these protocols
are self-scheduling, in that they determine the sizes of all work allocations to N ’s
workstations, as well as the timing of all necessary communications.

Section 3 develops the FIFO worksharing protocol, which is characterized by hav-
ing workstations finish working and return their results in the same order as they
receive work. Building on an exact calculation of the work produced under a FIFO
protocol, Sect. 3.2 establishes the following nonasymptotic fact:

• All FIFO protocols provide equally productive solutions for the HEP.

Specifically, no matter how N ’s workstations differ in work rates, there is, surpris-
ingly, no advantage to favoring faster workstations when solving the HEP, say, by
sending work to the fastest workstation first and having it return its results last.

Section 4 is devoted to our main result:

• Over sufficiently long lifespans, FIFO protocols provide optimal solutions for the
HEP.

Specifically, for every HNOW N , over sufficiently long lifespans, any protocol that
orchestrates N ’s workstations in a FIFO fashion provides an optimal solution for the
instance of the HEP that “exploits” N . Coupling this result with the just-mentioned
output-equivalence of FIFO protocols, we see that, in our model, asymptotically,
we can ignore the relative powers of N ’s workstations. It is the fact that a proto-
col honors the FIFO regimen that guarantees its optimality, rather than the order in
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which it supplies work to N ’s workstations! Simulation experiments reported in [1]
demonstrate—using an affine communication model—that the FIFO regimen’s su-
periority over hundreds of randomly chosen competitors is often (but not always)
observable within lifespans of only a few minutes.

Our results rely only on the fact that all tasks in our workload have the same
size and complexity (see footnote 2); they hold in any scenario where the cost of
transmitting a set of tasks grows linearly with the total amount of work performed:
formally, there exist constants κ and κ ′ such that transmitting w units of work to
a workstation takes κw time units, and receiving the results from that work takes
κ ′w time units. The tasks’ (common) complexity can be an arbitrary function of their
(common) size: κ is simply the ratio of the fixed task size to the complexity of a task
of that size; thus, a large complexity corresponds to a small κ . Similarly, the cost of
returning the results from a task can be of any size, as long as it is the same for all
tasks.

Two more results round out our study, one implicit and one explicit. The implicit
result: The relative powers of HNOW N ’s workstations may limit the number of
workstations that P0 can fruitfully “exploit” when solving the HEP. Our main re-
sult assumes that N has an appropriate size, and prescribes only how to “exploit”
its workstations optimally. However, our results actually afford one a computation-
ally efficient mechanism for determining this “appropriate size.” Specifically, Theo-
rem 3.1 provides an exact, explicit expression for the amount of work that N produces
in a given lifespan. By determining this quantity for the fastest sub-HNOWs of N of
various sizes, and comparing these quantities, one can determine the configuration
of workstations that gives one the best solution to the HEP. The explicit result: As
indicated earlier, we show, in Sect. 5, how to convert an optimal solution for the HEP
into an optimal solution for the HNOW-Rental Problem.

1.3 Related Work

Our study builds upon the HiHCoHP model of [15] and the “divisible workload”
model of [12] and its myriad intellectual progeny. Our model’s indebtedness to [15]
automatically implies a debt to the homogeneous LogP and LogGP models of [2, 17].

Several studies of collective communication in HNOWs employ models similar to
the communication-related portion of HiHCoHP. (Our worksharing protocols employ
only point-to-point communications.) One finds in [19] approximation algorithms for
a variant of broadcasting under which receipt of the message “triggers” a “personal”
computation whose cost is accounted for within the algorithm. Algorithms for various
collective communication operations appear in [4, 22]. Collective communication in
clusters that may contain other clusters, and whose networks may be hierarchical is
studied in [13–15, 26].

Increasing numbers of rigorously analyzed studies of work-allocation plus
-scheduling in HNOWs are appearing. Among such studies, the closest relative to the
current study is its direct predecessor [25], which introduced the HEP and showed
that, asymptotically, the FIFO protocol beats the intuitively compelling “greedy”
protocol, which saturates N ’s workstations with work in decreasing order of their
speeds. In exciting new work, one finds in [9] a study of the HEP that goes beyond
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ours by allowing an HNOW’s communication links, as well as its workstations, to
be heterogeneous. They present significant preliminary results about this ambitious
version of the HEP.

Several other studies share our interest in the HEP and/or the HNOW-Rental Prob-
lem but focus on algorithmically simpler computations whose tasks produce no out-
put. (The added difficulty of scheduling output-producing tasks is noted in [9], as
well as here.) A near-optimal algorithm for the HNOW-Rental Problem is studied in
[28] under a simplified model in which P0 transmits equal-size chunks of work to
N ’s workstations at a frequency determined by the workstations’ powers. The body
of work exemplified by [10–12, 16, 18] and sources cited therein study the schedul-
ing of “divisible jobs” in HNOWs having heterogeneous communication links and
workstations. While parts of these sources share our focus on the HEP, their output-
less tasks and simpler communication model allow simpler algorithmics. It is worth
noting that one consequence of a linear, rather than affine communication cost model
is that it can be advantageous to distribute work in many small pieces, rather than in a
few large chunks; cf. [11, 28]. Our model’s communication-setup overhead makes it
highly unlikely that such a tactic would be beneficial, except perhaps when lifespans
are very long. A significant study that shares our focus on tasks having equal sizes
and complexities, but that allows workstations to redistribute allocated tasks, appears
in [5, 7]. Under the assumption of unit computation time per task, these sources craft
linear-programming algorithms that optimize the steady-state processing of tasks.

The distribution of inputs and collection of results is an integral part of the com-
putations studied here and in [9]. These problems are studied as independent topics
in [6].

Finally, there have been several rigorously analyzed studies of work-allocation
and -scheduling in homogeneous NOWs, focusing on generic computations [20] and
on specific ones [21, 24]; the techniques used in such studies usually do not extend
to heterogeneous platforms. We ignore the many noteworthy, but only tangentially
related studies that share work with one workstation at a time, hence, apply to both
homogeneous and heterogeneous NOWs.

2 Models for HNOWs and Worksharing Protocols

2.1 An Architectural Model for Heterogeneous NOWs

As with all formal models, ours strives to incorporate enough detail to be practically
relevant while abstracting enough detail to be mathematically tractable. We ask the
reader’s patience, as we strive for a relatively simple notation despite the prolifera-
tion of parameters needed to account for HNOWs’ heterogeneity and communication
costs. For a fixed lifespan of L time units, we have dedicated access to the “exploited”
HNOW N , whose n workstations are indexed P1,P2, . . . ,Pn, in nonincreasing order
of speed.

2.1.1 The Computational Component of the Model

Computation Rates We measure time in work units that are calibrated to the compu-
tational power of N ’s slowest workstation, Pn: by convention, Pn works at unit rate.
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For each workstation Pi , where4 i ∈ [0, n], we denote by ρ̂i the time that Pi requires
to perform one unit of work when working at peak speed5—so that ρ̂n = 1. Our in-
dexing convention for N ’s workstations now takes the form: for each i ∈ [1, n − 1],
ρ̂i ≤ ρ̂i+1. We call the vector ̂R

def= 〈ρ̂1, ρ̂2, . . . , ρ̂n〉 N ’s peak rate profile (p-rate
profile, for short).

The proof of our main result is simplified if we assume that each Pi can be pro-
grammed to work at a slower rate than ρ̂i . When each Pi , where i ∈ [1, n], is pro-
grammed to work at rate ρi ≥ ρ̂i , we say that N is operating with operative rate
profile (o-rate profile, for short) R = 〈ρ1, ρ2, . . . , ρn〉.

Using a single parameter to measure the relative speeds of N ’s workstations is
a real idealization, since a workstation’s actual speed on a task depends on how its
various subsystems are exercised. It is hard to avoid such idealization, since we make
no assumptions about the computational characteristics of our tasks, other than their
equivalence on Pn. In many such workloads, all tasks exercise a workstation’s subsys-
tems in (roughly) the same way, so this idealization should not significantly diminish
the relevance of our results.

Work-Related Quantities A worksharing protocol solves the HEP by having P0 al-
locate wi units of work to workstation Pi , for each i ∈ [1, n]. Our goal is to maximize

the “exploited” workstations’ work-production, W
def= w1 + w2 + · · · + wn.

We simplify analyses, while still conveying underlying principles, by: (a) letting
the wi be real numbers (a divisible workload [12]); (b) assuming that each unit of
work produces δ ≤ 1 units of results (which holds in many applications; cf. [27]). Sev-
eral of our results persist under more complicated relationships between the length of
a workstation’s task allocation and that of its results.

2.1.2 The Communication Component of the Model

We simplify exposition by identifying a “work unit” with a packet of data. In common
with the computation rates ρ̂i , all communication times are calibrated to workstation
Pn’s computation rate. We impose a communication regimen under which P0 com-
municates with only one “exploited” workstation Pi at a time, via the multiphase
process detailed in this section. Our process is inspired by communication protocols
that require packetization (and, perhaps, other processing, such as encoding) of mes-
sages.

A communication consists of P0’s either sending work to some Pi or receiving the
results of work from some Pj . Focus on a p-packet message M from workstation Pi

to workstation Pj , ignoring that in our context, one of Pi or Pj must be P0.

The Network-Related Cost of Communication We employ an affine cost model,
which assesses: a fixed overhead of σ time units for each communication, of what-
ever length; a fixed rate of τ time units for transmitting each packet in a message. The

4For integers a and b > a, [a, b] = {a, a + 1, . . . , b}.
5Since N ’s workstations are dedicated to our computation, we know their computation rates exactly.
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Table 1 The parameters of our model

Quantity Meaning

ρ̂i Peak computation rate of workstation Pi (0 < ρ̂i ≤ 1)

ρi Operative computation rate of Pi at some indicated time (0 < ρi ≤ 1)

σ Overhead for each communication (setup plus end-to-end latency)

τ Per-packet network transit rate

si “Startup index” of the ith “exploited” workstation to receive work from P0

fi “Finishing index” of the ith “exploited” workstation to transmit results to P0

total cost for message M is, thus, σ +τp time units. In this assessment: σ models the
time required to set up a communication (say, via a handshake), plus the end-to-end
latency time for M’s first packet to traverse the network; τ models the uniform mar-
ginal network-transit rate for each packet of M after the first. (In a nonpipelineable
network, τ equals the network’s latency; in a pipelineable network, it is significantly
smaller.)

The Processor-Related Cost of Communication Pi prepares message M for trans-
mission by packaging it (say, chopping it into packets, perhaps encoding it, etc.), at
the rate of πi time units per packet. Having received M, Pj unpackages it, also at
the rate of πj time units per packet.6 We assume that N is architecturally balanced,
in the sense that faster workstations have uniformly faster subsystems. Formally: For
i ∈ [1, n], πi = ρ̂iπn; hence, when ρ̂a < ρ̂b (resp., ρ̂a = ρ̂b), then πa < πb (resp.,
πa = πb).

Note 1 (a) Parameters. (i) πi is a rate, rather than a fixed cost (as in [4, 17]) because
our interworkstation messages will be long. (Compare the models of [2, 17].)

(ii) We distinguish Pi ’s message packaging rate (πi ) from Pj ’s unpackaging rate
(πj ) because Pi and Pj may have quite different powers.7

(b) Protocols. (i) A network handles only one message at a time, including both
communication setup and message transmission.

(ii) Each workstation P does its own message processing, but the network actually
transmits all data; hence, P can do no other work while packaging or setting up a
communication, but it can work while a message is in transit.

Table 1 reviews our model.

2.2 Protocols for Sharing Bags of Tasks

We formulate a model for sharing tasks under the model of Sect. 2.1. Throughout this
section, N ’s workstations operate with the o-rate profile R = 〈ρ1, ρ2, . . . , ρn〉.

6It is a minor matter to have packaging and unpackaging rates differ, but they usually don’t.
7Experiments reported in [4]—wherein message setup and preparation are not distinguished—suggest that
workstations’ message preparation times may differ substantially.
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Table 2 Some useful abbreviations

Abbreviation Quantity Meaning

π̃i (1 + δ)πi Two-way (work-receiving plus result-transmitting)
message-(un)packaging rate for “exploited” workstation Pi

C0 π0 + τ Marginal communication rate (per-packet packaging plus transmission)
as P0 delivers work

Ci π̃i + τδ Marginal communication rate (per-packet packaging plus transmission
as “exploited” workstation Pi unpackages work, and packages and
transmits results)

Ki C0 + Ci A composite of P0’s and Pi ’s marginal communication rates, that recurs
in our analyses

2.2.1 A Protocol for a Single “Exploited” Workstation

The portion of a worksharing episode that involves one “exploited” workstation Pi—
which we call the lifespan of Pi , denoted Li—is orchestrated as follows.

1. Work-transmission: P0 packages and sends wi units of work to Pi , in σ +
(π0 + τ)wi time units.

2. Remote computation: Pi unpackages and does the transmitted work, in (πi +ρi)wi

time units.
3. Result-transmission: Pi packages and transmits its results to P0, in σ +

(πi + τ)δwi time units.

After P0 receives Pi ’s results, it unpackages them in π0δwi time units. Since this
time does not impact Pi , we do not include it in Li .

Accumulating terms, we can express Li in terms of our model’s parameters as
follows.

Li = 2σ + [π0 + (πi + τ)(1 + δ) + ρi]wi.

The abbreviations in Table 2 express this relationship thus:

Li = 2σ + (C0 + Ci + ρi)wi = 2σ + (Ki + ρi)wi, (2.1)

thereby exposing the origin of the coefficient of linearity’s three components: P0’s
and Pi ’s respective marginal communication rates (C0 and Ci ) and Pi ’s computation
rate (ρi ). N ’s architectural balance is now expressed in the simple form: If ρa < ρb ,
then Ca < Cb.

2.2.2 Generic Multi-Workstation Protocols

We extend the orchestration of Sect. 2.2.1 to a class of worksharing protocols for
n-workstation HNOWs. We term these protocols generic because their strict commu-
nication regimens makes it likely that they can be implemented with the mandated
timing on virtually any HNOW architecture. As with many master-slave scheduling
models (cf. [8, 18]), we presume the existence of some “behind the scenes” interwork-
station synchronization mechanism; in our model, σ accounts for this mechanism.
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Our multi-workstation orchestration is described most perspicuously via a pair of
ordinal-indexing schemes for N ’s workstations, to complement their power-related
indexing. The startup indexing specifies the order in which P0 transmits work to
N ’s workstations; we label the n workstations Ps1 ,Ps2, . . . ,Psn , to indicate that Psi

receives work—hence, begins working—before Psi+1 does. The finishing indexing
specifies the order in which N ’s workstations return the results of their work to P0;
we label the workstations Pf1 ,Pf2 , . . . ,Pfn , to indicate that Pfi

ceases working—
hence, transmits its results—before Pfi+1 does. Our generic multi-workstation or-
chestration is depicted in Fig. 1.

Note 2 Our generic protocols contain an asymmetry for illustrative purposes. A
worksharing protocol can have P0 prepare all work before the episode and unpack-
age all results after the episode, or do all work-processing in-line during the episode,
or mix these strategies. We illustrate the effects of these options by having P0 pack-
age work in-line but delay unpackaging results until after the episode. Formally, this
asymmetry leads to a work-preparation delay rate of C0 = π0 + τ , rather than τ , and
a result-processing delay rate of τδ, rather than C0δ. These options affect analyses
quantitatively but not qualitatively.

1. Work-transmission: P0 prepares ws1 units of work for Ps1 , sets up a communica-
tion, and transmits this work. Immediately thereafter, it prepares and sends ws2

units of work to Ps2 , via the same procedure. Continuing thus, P0 supplies each
Psi with wsi units of work as expeditiously as possible, i.e., with no intervening
gaps.

P0 can performs work “of its own” during the actual transmission of each work
allocation; after all n transmissions, it can work uninterrupted, until results start
arriving.

Note 3 Although P0 can prepare work for Psi+1 while work is in transit to Psi , we
do not orchestrate P0’s activity in this way, so that our protocol works for all sizes of
our model’s parameters. One may sometimes be able to get more work from P0 by
exploiting knowledge of these sizes.

2. Remote computation: Each Pi performs its allocated wi units of work as soon as
it has received and unpackaged the work-containing message from P0.

3. Result-transmission: As soon as a Pi completes its work, it packages its results
and transmits them to P0.

We have protocols choose work allocations in such a way that there is no interven-
ing delay between any Pi ’s receiving its work and its starting to work, nor between
Pi ’s finishing its work and its starting to transmit its results. However, we do allow
workstations to slow down their work rates (by changing N ’s o-rate profile). Such
slowdown is equivalent to—but mathematically simpler than—allowing gaps within
a workstation’s lifespan. Furthermore, we prove in Sect. 4 that, for the FIFO protocols
that are our main focus, such slowdown never increases work-production.

We remark in closing that every worksharing protocol allocates precisely w0 =
L − π0W units of work to the “master” workstation P0.



474 Theory Comput Syst (2008) 42: 465–487

F
ig

.1
T

he
tim

el
in

e
(n

ot
to

sc
al

e)
fo

r
3

“e
xp

lo
ite

d”
w

or
ks

ta
tio

ns
un

de
r

a
ge

ne
ri

c
w

or
ks

ha
ri

ng
pr

ot
oc

ol
,i

nd
ic

at
in

g
ea

ch
w

or
ks

ta
tio

n’
s

lif
es

pa
n.

N
ot

e
th

at
ea

ch
“e

xp
lo

ite
d”

P
i
’s

lif
es

pa
n

is
pa

rt
iti

on
ed

be
tw

ee
n

its
in

ca
rn

at
io

ns
as

so
m

e
P

s a
an

d
so

m
e

P
f
b



Theory Comput Syst (2008) 42: 465–487 475

2.3 Worksharing Protocols Are Self-Scheduling

Once we fix the o-rate profile R and the lifespan L, a worksharing protocol is speci-
fied completely by its startup indexing � and its finishing indexing 	.8 In particular,
all protocols are self-scheduling, in the sense that R, L, �, and 	 determine com-
pletely: (a) the sizes of all work allocations for N ’s workstations; (b) the times for all
interworkstation communications. We can, therefore, identify a protocol unambigu-
ously as P(�,	).

Theorem 2.1 Every worksharing protocol is self-scheduling.

Proof Say that N has n workstations that are operating with the o-rate profile
R = 〈ρ1, ρ2, . . . , ρn〉. Let P(�,	) be an arbitrary worksharing protocol for N , as
specified in Sect. 2.2.2; cf. Fig. 1. We then have, for each i ∈ [1, n]:

L = Li + κiσ + C0

∑

j∈SBi

wj + τδ
∑

j∈FAi

wj , (2.2)

where: SBi is the set of startup indices that precede workstation Pi ’s; FAi is the set

of finishing indices that succeed workstation Pi ’s; κi
def= |SBi | + |FAi |.

It is fruitful to represent the system of equations (2.2) in matrix form, as follows.9

⎛

⎜

⎜

⎜

⎜

⎜

⎝

K1 + ρ1 B1,2 · · · B1,n

B2,1 K2 + ρ2 · · · B2,n

...
... · · · ...

Bn−1,1 Bn−1,2 · · · Bn−1,n

Bn,1 Bn,2 · · · Kn + ρn

⎞

⎟

⎟

⎟

⎟

⎟

⎠

·

⎛

⎜

⎜

⎜

⎜

⎜

⎝

w1
w2
...

wn−1
wn

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

L − (κ1 + 2)σ

L − (κ2 + 2)σ
...

L − (κn−1 + 2)σ

L − (κn + 2)σ

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

where each entry Bi,j of the coefficient matrix is given by

Bi,j =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

C0 + τδ if j ∈ SBi and j ∈ FAi ,

C0 if j ∈ SBi and j /∈ FAi ,

τ δ if j /∈ SBi and j ∈ FAi ,

0 otherwise.

The crucial fact exposed by the matrix formulation is that the coefficient matrix is
nonsingular (as is easily verified from the forms of the matrix entries), so that the
system (2.2) uniquely determines P(�,	)’s work allocations wi .

Note that all allocations wi that are derived from valid protocols are positive be-
cause of the requirements that Sect. 2.2.2 imposes on protocols. To wit, during the
lifespan L, workstation P0 participates in two communication setups for each of N ’s
workstations and prepares and transmits work to all workstations; cf. Fig. 1. The com-
munication setups incur an aggregate cost of 2nσ ; the preparation and transmission

8Note that we are not claiming that every pair of permutations produces a valid protocol.
9Recall that Ki = C0 + Ci = π0 + (πi + τ)(1 + δ); cf. Table 2.
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of work takes an aggregate cost of (C0 + τδ)
∑n

j=1 wj . Easily, these facts guarantee
the positivity of the wi . Even more, all of the wi increase as L increases. �

3 FIFO Worksharing Protocols

We now derive the basic properties of worksharing protocols that follow the FIFO
regimen, laying the groundwork for our proof that such protocols provide asymp-
totically optimal solutions to the HEP. (Throughout, “asymptotically” means “over
sufficiently long worksharing episodes.”) In Sect. 3.1, we derive explicit expressions
for the work-output of a FIFO protocol. In Sect. 3.2, we expose a surprising robust-
ness in FIFO protocols: their work-outputs are independent of the starting order of
N ’s workstations.

3.1 FIFO Protocols and Their Work-Outputs

A worksharing protocol employs the FIFO regimen (or, is a FIFO protocol) if its
startup and finishing indices coincide: for each i ∈ [1, n], si = fi ; see Fig. 2. Since a
FIFO protocol is specified completely by its startup indexing, we henceforth denote
the FIFO protocol P(�,�) by F(�). We denote by W(FIFO,�,R)(L) the work-output
of F(�) when N operates with o-rate profile R and lifespan L. When R is clear from
context, we simplify the notation to W(FIFO,�)(L). When R =̂R, we use the notation
W(FS_FIFO,�)(L), where “FS_FIFO” stands for “full-speed FIFO.”

One easily specializes the proof of Theorem 2.1 to FIFO protocols via the follow-
ing slight generalization of a result from [25].

Theorem 3.1 ([25]) Let � = 〈s1, s2, . . . , sn〉 be the startup indexing of the FIFO
protocol F(�) for the HNOW N operating with o-rate profile R = 〈ρ1, ρ2, . . . , ρn〉.
Letting

X(FIFO,�) def=
n

∑

i=1

1

Ksi + ρsi − τδ

i−1
∏

j=1

(

1 − C0 − τδ

Ksj + ρsj − τδ

)

, (3.1)

the work-production of F(�) is given by

W(FIFO,�)(L) = 1

τδ + 1/X(FIFO,�)
· (L − (n + 1)σ ) . (3.2)

Proof Figure 2 yields the following system of equations for work allocations under
F(�); cf. footnote 9.

⎛

⎜

⎜

⎜

⎜

⎜

⎝

Ks1 + ρs1 τδ · · · τδ

C0 Ks2 + ρs2 · · · τδ
...

... · · · ...

C0 C0 · · · τδ

C0 C0 · · · Ksn + ρsn

⎞

⎟

⎟

⎟

⎟

⎟

⎠

·

⎛

⎜

⎜

⎜

⎜

⎜

⎝

ws1

ws2
...

wsn−1

wsn

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

L − (n + 1)σ

L − (n + 1)σ
...

L − (n + 1)σ

L − (n + 1)σ

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.
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Consecutive pairs of equations from this system yield the following specification of
the wi .

For i = 1: ws1 = L−τδW(FIFO,�)(L)−(n+1)σ
Ks1 +ρs1−τδ

;

For i > 1: wsi = Csi−1 +ρsi−1
Ksi

+ρsi
−τδ

· wsi−1 .

Solving the preceding recurrence, we find that, for all i ∈ [1, n]:

wsi =
[

1

Ksi + ρsi − τδ

i−1
∏

j=1

(

1 − C0 − τδ

Ksj + ρsj − τδ

)

]

× (

L − τδW(FIFO,�)(L) − (n + 1)σ
)

.

After summing these work allocations, elementary manipulation yields the explicit
expression (3.2) for F(�)’s work output. �

3.2 All FIFO Protocols Are Equally Productive

All FIFO protocols produce the same amount of work—no matter what the speeds of
N ’s workstations or the order in which they start working. This is an absolute, rather
than asymptotic, fact.

Theorem 3.2 Let the lifespan L and the o-rate profile 〈ρ1, ρ2, . . . , ρn〉 of the HNOW
N be fixed. For every pair of startup indexings �1 and �2, the FIFO protocols F(�1)

and F(�2) produce the same amount of work; symbolically, W(FIFO,�1)(L) =
W(FIFO,�2)(L).

Proof Two reductions materially simplify the proof. (1) By (3.2), it suffices to prove
that X(FIFO,�1) = X(FIFO,�2). (2) It suffices to have �1 and �2 differ only by the in-
terchange of two adjacent indices. To wit, a sequence of such “adjacent flips” effects
any single transposition of indices, i.e., interchanges any pair si and sj ; a sequence of
transpositions produces any permutation of the indices. Focus, therefore, on startup
indexings � = 〈s1, s2, . . . , sk−1, sk, . . . , sn〉 and �′ = 〈s1, s2, . . . , sk, sk−1, . . . , sn〉,
which differ by “flipping” indices sk−1 and sk .

Let us compare X(FIFO,�) and X(FIFO,�′), using the following simplifying abbre-
viations.

For i ∈ [1, n], A
(�)
i = 1

Ksi + ρsi − τδ
and B

(�)
i = 1 − (C0 − τδ)Ai,

X(FIFO,�) − X(FIFO,�′) =
k−2
∏

j=1

B
(�)
j

[(

A
(�)
k−1 + A

(�)
k B

(�)
k−1

) − (

A
(�)
k + A

(�)
k−1B

(�)
k

)]

=
k−2
∏

j=1

B
(�)
j

[(

A
(�)
k−1 − A

(�)
k

) + (

A
(�)
k − A

(�)
k−1

)

+ (C0 − τδ)
(

A
(�)
k A

(�)
k−1 − A

(�)
k−1A

(�)
k

)]

= 0.
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Since X(FIFO,�) = X(FIFO,�′), it follows that W(FIFO,�)(L) = W(FIFO,�′)(L). �

We can henceforth talk about W(FIFO)(L), without specifying a startup indexing.

4 The Supremacy of the FS_FIFO Protocol

We now prove our main result: In any HNOW N , the full-speed FIFO Protocol solves
the HEP asymptotically optimally.

Theorem 4.1 The Full-Speed FIFO protocol provides asymptotically optimal solu-
tions to the HEP, in the following sense. For any HNOW N , o-rate profile R for
N , and protocol P(�,	), over all sufficiently long lifespans, W(FS_FIFO)(L) ≥
W(�,	,R)(L).

Proof We prove Theorem 4.1 in two stages. In Sect. 4.1, we establish the asymp-
totic supremacy of FIFO protocols in “flexible” HNOWs, whose workstations can be
slowed down, independently, at will.10 Then, in Sect. 4.2, we prove the nonasymp-
totic fact that the FS_FIFO Protocol produces at least as much work as any slowed-
down FIFO protocol. We precede this agenda with intuition that both explains the
supremacy of FIFO protocols and suggests why this is hard to prove.

Focus on the asymptotic performance of an arbitrary protocol, P(�,	), when the
HNOW N operates with o-profile R. By Theorem 2.1, asymptotically:

W(�,	)(L) = nL − [nws1 + (n − 1)ws2 + · · · + wsn]C0

− [nwfn + (n − 1)wfn−1 + · · · + wf1 ]τδ − O(1). (4.1)

We attempt to maximize W(�,	)(L) by minimizing the negative terms in (4.1).
We begin to minimize the first term by making ws1 as small as it can legally be,

since it occurs in (4.1) with the largest multiplier, namely, n. This is achieved by
having Ps1 be the first workstation to finish, i.e., by setting f1 = s1. This done, we
remove Ps1 from the system and recursively maximize the aggregate work of N ’s
other workstations. We end up concluding that the first term is minimized when N
employs Protocol F(�). Using similar reasoning with the second subtracted term
leads us conclude that this term is minimized when N employs Protocol F(	). This
reasoning suggests that FIFO protocols (wherein � = 	) maximize work production
because they maximize the parallelism in N .

Of course, the preceding argument is not a proof, since it assumes implicitly that
one can change each wi independently of the others—which is patently not the case!
For illustration, say that P(�,	) does not have Ps1 finish working first. Our argu-
ment suggests (but does not actually say) that we can increase the Protocol’s work-
output by switching Ps1 ’s finishing order with that of the current Pf1 . To avoid no-
tational confusion, let us refer to the current Pf1 by its starting index sk (which is

10Recall that, under our notational conventions, “slowing down” Pi means increasing ρi .
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not changed by the switch). This switch simultaneously shortens Ps1 ’s work allo-
cation and lengthens Psk ’s. Consider the ripple effects of these changes. After the
switch:

• P0 spends less time preparing work for Ps1 , so the starting times of all other work-
stations can be advanced a bit; i.e., they can start working a bit earlier.

• P0 spends more time preparing work for Psk , so the starting times of all worksta-
tions Psj with sj > sk must be retarded a bit.

• Psk must transmit more results to P0—hence must start its result transmission a
bit earlier. This forces all workstations that now finish working before Psk to finish
working a bit earlier.

Clearly, the preceding changes influence each other: the wi are not independent vari-
ables! But, the next two subsections show that the preceding intuition does not mis-
lead in terms of its conclusion. �

4.1 FIFO’s Asymptotic Supremacy in Flexible HNOWs

Call an HNOW N flexible when we can slow down its workstations at will (by in-
creasing N ’s o-rate profile). For any flexible HNOW, we can replace an arbitrary
protocol P(�,	) by the FIFO protocol F(�), with no loss of productivity.

Theorem 4.2 In any flexible HNOW N , FIFO protocols provide asymptotically op-
timal solutions to the HEP, in the following sense. For any o-rate profile R for N , for
all sufficiently long lifespans L, there exists an o-rate profile11 R′ � R for N , such
that W(FIFO,R′)(L) ≥ W(�,	,R)(L).

Intuition Since the proof is quite technical, we precede it with an intuitive expla-
nation of the supremacy of FIFO protocols under a slightly simplified model (which
retains the features that are crucial for the proof). Assume for now that it takes ex-
actly: τw time units for P0 to transmit w units of work to any Pi ; ρiw time units for
Pi to perform that work; τδw time units for Pi to transmit the results of that work.
(Note that this simplified model uses a linear-cost communication model.) P0 can
communicate with only one Pi at a time. In this model, any non-FIFO protocol for
a 2-workstation HNOW N can be transformed into a (possibly slowed down) FIFO
protocol with no loss of productivity.

Consider Protocol P(�,	) with � = 〈1,2〉, and 	 = 〈2,1〉, wherein: P1 receives
w1 units of work, starts computing at time t1, and finishes computing (and starts
transmitting results) at time t1; P2 receives w2 units of work, starts working at time
t2 > t1, and finishes working at time t2 < t1; see Fig. 3(left). Transform this schedule
to the FIFO schedule F(�) of Fig. 3(right) by changing the allocations of work to
P1 and P2. Now allocate w′

1 < w1 units of work to P1 and w′
2 = w1 + w2 − w′

1 units
to P2. P0 still sends work to P1 first, then immediately sends work to P2. The total
transmission still completes at time t2, since the total work allocation, w1 + w2, has
not changed. Have P1 start computing at time t1 and P2 start computing at time t2.

11As usual, 〈x1, x2, . . . , xn〉 � 〈y1, y2, . . . , yn〉 just when each xi ≥ yi .
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Fig. 3 (Left) The timeline for P(�,	). (Right) The timeline for the FIFO conversion

Have P1 send its results to P0 from time t2 to time t
′
2 (to be specified12); and have

P2 send its results to P0 starting at time t
′
2. Since the total work allocation has not

changed, P2 finishes sending results at the same time as it did previously.
In the new schedule, w′

1 = t2−t1
ρ1

< w1 = t1−t1
ρ1

, so that τw′
1 < τw1.13 This means

that P1 does not start computing immediately after receiving its work. To avoid this
idle “gap,” we slow P1 down (by increasing ρ1). We see imminently that P2 also has
more time than it needs to finish its computation; again, we avoid an idle “gap” by
slowing down P2.

The preceding transformation may seem surprising, especially when ρ1 	 ρ2,
since in that case we are transferring work from a (much) faster workstation to a
(much) slower workstation, yet are still performing the same amount of work—even
while slowing the workstations down. The reason for this unexpected effect is that
when ρ1 	 ρ2, it is also true that w1 
 w2, so that P1 spends much more time com-
municating with P0 than P2 does. Hence, the decrease in P1’s computing time is
much smaller than the increase in P2’s computing time. In particular, if τ and δ are
small, and we approximate w1 ≈ L/ρ1 and w2 ≈ L/ρ2, then the decrease in P1’s
computing time ≈ τδL/ρ2, while the increase in P2’s computing time ≈ τδL/ρ1.
Thus, for both workstations, the change in work performed is ≈ τδL/(ρ1ρ2); i.e.,
the increase in P2’s work roughly offsets the decrease in P1’s work. In addition, the
reason that the FIFO protocol is more “efficient” (i.e., allows workstations to slow
down, yet accomplish the same amount of work) is that P1 and P2 really have less
than the full time L to compute; hence, the preceding estimated changes to the work
being performed are actually overestimates. In particular, P2 is allocated less time
than P1, so that the decrease in P1’s work is smaller than the increase in P2’s work.

With this intuition in place, we now turn to a formal proof of Theorem 4.2.

Proof of Theorem 4.2 We perform a series of transformations of Protocol P(�,	):

P(�,	) = P(�,	1) → P(�,	2) → ·· · →P(�,	m) = F(�).

• Each transformation changes the finishing order of (some of) N ’s workstations.
• Each transformation may slow down some of N ’s workstations, by replacing the

o-rate profile Ri used under P(�,	i) with an o-rate profile Ri+1 � Ri used under
P(�,	i+1).

12It is not obvious that an appropriate t
′
2 exists. We show imminently that one does.

13w′
1 > 0 because t2 > t2 > t1.
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Fig. 4 (Left) Exchanging the finishing orders of Psi and Psj (not to scale). (Right) Modifying the start
times of Psi+1 , . . . ,Psj (not to scale). The shaded box in Psi ’s lifespan represents work-preparation time
freed up by the transformation; shaded boxes in other workstations’ lifespans represent the extensions to
their lifespans caused by advancing their start times

• No transformation decreases total productivity: each W(�,	i+1,Ri+1)(L) ≥
W(�,	i,Ri )(L).

• Each P(�,	i+1) is closer to observing a FIFO regimen than is P(�,	i).

The last point needs elucidation. Let 
k be the largest index such that, under
P(�,	k), each sa = fa for a ∈ [1, 
k]. (So the first 
k workstations operate in FIFO
order under P(�,	k).) Then P(�,	k+1) is closer to F(�) than P(�,	k) is, in
the sense that one of the following holds.

1. 
k+1 = 
k + 1; i.e., under P(�,	k+1), one additional workstation operates in
FIFO order.

2. 
k+1 = 
k , but f
k+1 < f
k
; i.e., the finishing index of Ps
k+1 is smaller under

P(�,	k+1) than under P(�,	k).

Clearly, a finite sequence of transformations that lead to option 2 will culminate in
a transformation for which option 1 holds; and a finite sequence of transformations
that lead to option 1 will culminate in a transformation that finally yields F(�).

Focus on a transformation that begins with P(�,	k). Focus on the lifespan of
Ps
k+1 ; to simplify notation, let i = 
k +1 henceforth. Since Psi is the earliest-starting
workstation that violates FIFO order, there must be a later-starting Psj whose fin-
ishing order immediately precedes Psi ’s; see Fig. 4(left). As the core of our trans-
formation, we exchange the finishing orders of Psi and Psj . We must proceed cau-
tiously so that we produce a valid protocol that accomplishes at least as much work
as P(�,	k).
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Exchanging Finishing Orders We begin to transform P(�,	k) to P(�,	k+1) by
exchanging the finishing indices of Psi and Psj . This ensures that P(�,	k+1) is
closer to F(�) than P(�,	k) is.

Determining New Starting Times Since we are shortening Psi ’s lifespan and length-
ening Psj ’s, we are concomitantly decreasing wsi and increasing wsj . We simplify the
task of preserving the validity of our protocol by preserving the sum wsi +wsj , hence
also the aggregate result-transmission time of Psi and Psj , namely, τδ(wsi +wsj ). We
accomplish this by assuming the existence of a � > 0 such that (see Fig. 4(left))

w′
si

← wsi − � and w′
sj

← wsj + �,

and verifying that such a � actually exists. To determine a value for �, we must
describe the remainder of the transformation.

Since Psi and Psj finish consecutively both before and after the transformation,
and since w′

si
+ w′

sj
= wsi + wsj , the finishing times of N ’s workstations “line up”

perfectly after the transformation, hence need not be changed. Such is not the case,
however, with the workstations’ starting times. Specifically, P0 needs C0� fewer time
units to send work to Psi after the transformation, and it needs C0� more time units
to send work to Psj . In order to “line up” N ’s workstations’ starting times, we ad-
vance the starting time of every Psk , where k ∈ [i + 1, j ], by C0� time units. This
effectively lengthens the lifespans of each of these workstations by this amount; see
Fig. 4(right). We deal with Psj in the next paragraph and with the rest of these work-
stations here. Rather than exploiting the longer lifespans of these other workstations
by increasing their workloads—which has the complicated ripple effects noted in
the intuitive digression that precedes this section—we keep their workloads fixed but
slow them down so that they accomplish the same amount of work over the longer
lifespans. The amount of slowdown is readily computed from (2.1): the slowdown for
each Psk is αsk , specified implicitly by:

wsk = Lsk − 2σ

C0 + τδ + ρsk (1 + π̃0)
= Lsk + C0� − 2σ

C0 + τδ + (ρsk + αsk )(1 + π̃0)
.

Determining � We know now that the new lifespans of Psi and Psj are, respec-
tively,

L′
si

= Lsi − τδ(� + wsj ) − σ,

L′
sj

= Lsj + C0� + (τδwsi + σ).
(4.2)

The second term added to Lsj results from exchanging Psi ’s and Psj ’s finishing or-
ders; the first term results from advancing the starting times of Psi+1, . . . ,Psj .

Using (4.2), we can determine �. In preparation, we decide not to slow down Psj ,
but to be prepared to slow Psi down, by increasing ρsi to ρsi + αsi for some αsi ≥ 0.
Because of the form of expression (2.1), we find it more convenient to work with

the slowdown term βsi
def= αsi (1 + π̃0), because Ksi + ρsi increases by βsi when ρsi

increases by αsi .
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By (2.1), our transformation changes the work allocations to Psi and Psj as fol-
lows.

w′
si

= L′
si

− 2σ

Ksi + ρsi + βsi

= (Lsi − 3σ) − τδ(� + wsj )

Ksi + ρsi + βsi

= wsi − �,

w′
sj

= L′
sj

− 2σ

Ksj + ρsj

= (Lsj − σ) + C0� + τδwsi

Ksj + ρsj

= wsj + �.

(4.3)

Each equation in (4.3) yields an expression for �. We thereby find:

� = βsi wsi + τδwsj + σ

Ksi + ρsi + βsi − τδ
= τδwsi + σ

Csj + ρsj

. (4.4)

The two equations for � in (4.4) determine βsi uniquely:

βsi = ((Lsi − Lsj ) + C0wsj − τδwsi )τδ + ((Ksi + ρsi ) − (Ksj + ρsj ) + C0 − τδ)σ

(Csj + ρsj − τδ)wsi − σ
.

(4.5)
When the lifespan L is sufficiently long, the denominator in (4.5) is positive by our
definition of worksharing protocol, as explained at the end of the proof of Theo-
rem 2.1. The first term in the numerator is positive, because, by hypothesis, Psi starts
before, and finishes after, Psj ; consequently, even after being shortened by Psi ’s fin-
ishing time (namely, τδwsi ), Lsi remains larger than Lsj . The sign of the second term
in the numerator depends on the relative speeds of Psi and Psj . However, when the
lifespan L is sufficiently long, the magnitude of the (positive) first term will exceed
the (possibly negative) magnitude of the second term (because the second term’s
magnitude is unaffected by L’s size). When this occurs, βsi is positive, so that the
described transformation is feasible.

Thus, when L is sufficiently long, we can transform P(�,	k) to a protocol
P(�,	k+1) which is no less productive and which is closer to F(�). The theorem
follows. �

4.2 FIFO’s Asymptotic Supremacy

We now complete the proof by establishing the nonasymptotic fact that the Full-Speed
FIFO Protocol is the most productive FIFO protocol.

Theorem 4.3 For all HNOWs N , o-rate profiles R for N , and lifespans L,

W(FS_FIFO)(L) ≥ W(FIFO,R)(L).

Proof By Theorem 3.1, we know that finding a starting order � = 〈s1, s2 . . . , sn〉 and
an o-rate profile R = 〈ρ1, ρ2, . . . , ρn〉 that maximize the work output, W(FIFO,�,R)(L),
is equivalent to finding � and R that maximize the sum

X(FIFO,�)(R)
def=

n
∑

i=1

1

Ksi + ρsi − τδ

i−1
∏

j=1

(

1 − C0 − τδ

Ksj + ρsj − τδ

)

. (4.6)
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While Theorem 3.2 tells us that the starting order � does not affect the value of
X(FIFO,�)(R), it is convenient for our proof to carry � around explicitly.

We begin by rewriting (4.6) in the following form, which emphasizes the depen-
dence on R; the validity of the form is immediate from Table 2. There exist positive
constants ξ , η, ζ , each depending only on the quantities {π0, τ, δ}, such that

X(FIFO,�)(R) =
n

∑

i=1

1

ξ + ηρsi

i−1
∏

j=1

(

1 − ζ

ξ + ηρsj

)

. (4.7)

Now, considering each ρsj as a variable that can assume any real value ≥ ρ̂sj , one
sees easily that the sum X(FIFO,�)(R) can only be increased by decreasing ρsn to
its minimum value ρ̂sn . This decrease is tantamount to having Psn run at full speed.
Letting R′ denote the o-profile obtained by executing this speedup, we thus have
X(FIFO,�)(R′) ≥ X(FIFO,�)(R).

We now rearrange the starting order of N ’s workstations via a cyclic shift, re-
placing � = 〈s1, s2, . . . , sn〉 by �′ = 〈sn, s1, . . . , sn−1〉. Theorem 3.2 assures us that
X(FIFO,�′)(R′) = X(FIFO,�)(R′). Repeating the preceding reasoning, we conclude
that the sum X(FIFO,�′)(R′) can only be increased by decreasing ρsn−1 to its mini-
mum value ρ̂sn−1 , which is tantamount to having Psn−1 run at full speed.

By repeating the preceding transformation—maximize the speed of the last-
starting workstation and cyclically shift the workstations’ starting order—we eventu-
ally see that the sum X(FIFO,�)(R) is maximized by having all workstations work at
full speed. A final invocation of Theorem 3.2 assures us that the starting order � is
not relevant to this conclusion. We have thus shown that, for any o-rate profile R for

N , X(FS_FIFO) def= X(FIFO)(̂R) ≥ X(FIFO)(R), which proves the theorem. �

5 Conclusions and Projections

We have presented a parametric model for node-heterogeneous NOWs, which we
believe captures most of the algorithmically salient features of real HNOWs, while
retaining enough mathematical tractability to design and rigorously analyze sophis-
ticated algorithms for such NOWs. We have illustrated this tractability by studying
a framework for crafting protocols for efficiently sharing bags of tasks within an
HNOW, in a way that yields provably good solutions to the HNOW-Exploitation and
-Rental Problems.

• Our model exposes the computational powers of an HNOW’s workstations (the
computational rates ρi ) and the various costs of interworkstation communications
(the communication-setup cost σ ; the message-[un]packaging costs πi ; the net-
work’s marginal per-packet transit time τ ).

• Our generic worksharing protocol makes no assumptions about an HNOW other
than those specified by our model’s parameters; the protocol should, therefore, be
implementable as specified on a broad range of actual HNOW architectures.

Within the preceding setting, we have established the following results.
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• Every worksharing protocol is self-scheduling: it determines all work allocations
to “exploited” workstations, as well as the timing of all necessary communications.

The self-scheduling property means that every worksharing protocol yields a solution
to our motivating problems. Most obviously, to obtain a solution of the HEP:

1. Select an instantiation of our generic worksharing protocol.
2. Use the startup and finishing indexings of the selected protocol, the parameters of

the “exploited” HNOW, and the lifespan representing the duration of the HNOW’s
availability to “personalize” system (2.2).

3. Solve the resulting system to determine the work allocations to all workstations
and the times for all interworkstation communications.

A bit less directly, to obtain a solution of the HNOW-Rental Problem:

1. Use (3.2) with W(FS_FIFO)(L) set to the given workload W , to obtain a value for
the required lifespan L.

2. Use this value of L in our solution for the HEP to determine the work allocations
to all workstations and the times for all interworkstation communications.

It should be clear from the details of our study that our approach adapts to a range
of changes in our architectural model, for instance those that relax the strictness of
our communication regimen, perhaps employing a multi-port regimen in place of
our single-port one. It should be even clearer that the results we have established
should persist over a broad range of changes in the relative sizes of the worksta-
tions’ architectural parameters. All protocols should still be self-scheduling under a
broad range of such changes. Moreover, the FIFO Protocol should retain its asymp-
totic superiority—although the durations of episodes that witness this advantage may
change.

Exciting challenges remain in adapting our approach to scheduling worksharing
episodes within a “exploited” HNOW wherein: (a) the computational load has inter-
task dependencies similar to those in the homogeneous-NOW studies in [20]; (b) the
HNOW has richer interconnection structure, such as the heterogeneous hyperclusters
of [15].
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