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Abstract

In this paper, we investigate how to compute the throughput of probabilistic streaming applications.
Given a streaming application whose dependence graph is a linear chain, a fully heterogeneous target
platform, and a one-to-one mapping of the application onto the platform (a processor is assigned at most
one application stage), how can we compute the throughput of the application, i.e., the rate at which data
sets can be processed? The problem is easy when workflow stages are not replicated, i.e., assigned to a
single processor: in that case the throughput is dictated by the critical hardware resource. However, when
stages are replicated, i.e., assigned to several processors, the problem becomes surprisingly complicated.
Even in the case when execution and communication times are deterministic, there are examples where
the optimal period (i.e., the inverse of the throughput) is larger than the largest cycle-time of any resource.
We model the problem as a timed Petri net to compute the optimal throughput in the general case,
and we show how the throughput is impacted when execution and communication times are no longer
deterministic, but follow some random variable laws. Finally, we prove that the problem of finding a
one-to-one mapping with replication which maximizes the throughput is NP-complete, even with no
communication costs.
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1 Introduction

In this paper we deal with streaming applications, or workflows, whose dependence graph is a linear chain
composed of several stages. Such applications operate on a collection of data sets that are executed in
a pipeline fashion [15, 14, 18]. They are a popular programming paradigm for streaming applications like
video and audio encoding and decoding, DSP applications, etc [8, 17, 20]. Each data set is input to the linear
chain and traverses it until its processing is complete. While the first data sets are still being processed by
the last stages of the pipeline, the following ones have started their execution. In steady state, a new data set
enters the system every P time-units, and several data sets are processed concurrently within the system. A
key criterion to optimize is the period, or equivalently its inverse, the throughput. The period P is defined
as the time interval between the completion of two consecutive data sets. With this definition, the system
can process data sets at a rate ρ = 1/P (the throughput).

The workflow is executed on a fully heterogeneous platform, whose processors have different speeds,
and whose interconnection links have different bandwidths. When mapping application stages onto proces-
sors, we enforce the rule that any given processor will execute at most one stage. However, the converse
is not true. If the computations of a given stage are independent from one data set to another, then two
consecutive computations (different data sets) for the same stage can be mapped onto distinct processors.
Such a stage is said to be replicated, using the terminology of Subhlok and Vondran [15, 16] and of the
DataCutter team [6, 14, 19]. This corresponds to the dealable stages of Cole [7].

Given an application and a target heterogeneous platform, the problem to determine the optimal mapping
(maximizing the throughput) has been shown NP-hard in [5] when a processor can handle several application
stages. We have thus investigated in [2] the problem of computing the throughput for a given mapping, which
turned out to be also a complex problem. Indeed, with general mappings in which a processor handles several
stages, the core problem is to order communications so as to optimize the throughput of the application. This
problem turns out to be NP-complete in some cases.

In this paper, we focus on a particular class of mappings, namely one-to-one mappings, in which a pro-
cessor is assigned at most one stage. In such a case, there are no problems of communication ordering.
One-to-one mappings were also studied in [1], but for more complex applications in which stages are filter-
ing data, and can have arbitrary dependencies (while we focus in this work on a linear chain of stages). Due
to these dependencies, this study implies to order communications as well so as to maximize the throughput.

In the current work, we focus on one-to-one mappings, which are easier to analyze than general map-
pings. Indeed, the problem of computing the throughput of a given one-to-one mapping is then easy since
the period is dictated by the critical hardware resource. However, we investigate here the use of replica-
tion: each stage of the application pipeline can be mapped onto several distinct processors. In this case, we
showed in [4] that the problem gets surprisingly complicated, and we provided examples where the optimal
period is larger than the largest cycle-time of any resource. In other words, during the execution of the sys-
tem, all the resources will be idle at some points. We then showed how to use timed Petri nets to compute
the throughput in the general deterministic case.

Here, we extend the previous approach to probabilistic streaming applications: we show how to compute
(or bound) the throughput of the application when the communication and computation times are no longer
deterministic, but follow some random variations. Also, we fill in this paper an important complexity gap
for the more complex problem of finding a mapping which maximizes the throughput of the application: we
demonstrate that the problem is NP-hard for one-to-one mappings with replication, even in the deterministic
case with no communication costs.

First in Section 2, we describe formally the framework, optimization problems, and we introduce the
random variables that are used for the probabilistic study. Then we explain how to compute the through-
put when communication and computation times follow exponential laws (Section 3). We give a general
method which turns out to be of exponential complexity in some cases, and provide a polynomial algo-
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rithm for a simpler instance of the problem. Then in Section 4, we compare results when times follow
general I.I.D. variables. Finally, we come back to the problem of finding the optimal mapping and prove its
NP-completeness in Section 5. We conclude in Section 6.

2 Models

In this section, we first describe the workflow application, the target platform, and the communication
models that we consider (Section 2.1). The replication model is presented in Section 2.2, and then we
formally define the optimization problems that we target in Section 2.3. Before moving to the probabilistic
study, we recall the results already established for the deterministic case in Section 2.4. Finally, we give
a detailed presentation of the random variables that we consider to model the processor speeds and link
bandwidths (Section 2.5).

2.1 Application, platform and communication models

We deal with streaming applications, or workflows, whose dependence graph is a linear chain composed of
n stages, called Tk (0 ≤ k ≤ n− 1). Each stage Tk has a size wk, expressed in flop, and needs an input file
Fk−1 of size δk−1, expressed in bytes. Finally, Tk produces an output file Fk of size δk, which is the input
file of stage Tk+1. All these sizes are independent of the data set. Note that T0 produces the initial data and
does not receive any input file, while Tn−1 gathers the final data and does not send any file.

The workflow is executed on a fully heterogeneous platform with p processors. The speed of processor
Pu is denoted as Πu (in flops). We assume bidirectional links linku,v : Pu → Pv between any processor
pair Pu and Pv, with bandwidth bu,v bytes per second. These links are not necessarily physical, they can be
logical. For instance, we can have a physical star-shaped platform, where all processors are linked to each
other through a central switch. The time needed to transfer a file Fi from Pu to Pv is δi

bu,v
, while the time

needed to process Tk on Pu is wk
Πu

.
An example of linear chain application and fully connected target platform is provided in Figure 1.
We consider two different realistic common models for communications. The Overlap model allows to

overlap communications and computations: a processor can simultaneously receive data set i+ 1, compute
the result of data set i and send the resulting data set i − 1 to the next processor. Requiring multi-threaded
programs and full-duplex network interfaces, this model allows for a better use of computational resources.

On the contrary, in the Strict model, there is no overlap of communications by computations: a processor
can either receive a given set of data, compute its result or send this result. This is the typical execution of a
single-threaded program, with one-port serialized communications. Although leading to a less efficient use
of physical resources, this model allows for simpler programs and hardware.

2.2 Replication model

When mapping application stages onto processors, we enforce the rule that any given processor will execute
at most one stage. Such mappings are usually called one-to-one mappings, see for instance [5]. Actually, we
allow stage replication, so we rather consider one-to-many mappings, in which each stage can be processed
by several processors. This is possible when the computations of a given stage are independent from one
data set to another. In this case, two consecutive computations (different data sets) for the same stage can
be mapped onto distinct processors. Such a stage is said to be replicated, using the terminology of Subhlok
and Vondran [15, 16] and of the DataCutter team [6, 14, 19]. This corresponds to the dealable stages of
Cole [7].

Note that the computations of a replicated stage can be fully sequential for a given data set, what matters
is that they do not depend from previous results for other data sets, hence the possibility to process different
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data sets in different locations. The following schema illustrates the replication of a stage Tk onto three
processors:

. . . Tk−1

� Tk on P1: data sets 1, 4, 7, . . . �
−− Tk on P2: data sets 2, 5, 8, . . . −−
� Tk on P3: data sets 3, 6, 9, . . . �

Tk+1 . . .

LetRi denotes the number of processors participating to the process of Ti. If Pk participates to the work
of Ti, then let R′k be equal to Ri.

As outlined in the scheme, the processors allocated to a replicated stage execute successive data sets
in a round-robin fashion. This may lead to a load imbalance: more data sets could be allocated to faster
processors. But this would imply out-of-order execution and would require a complicated data management
if, say, a replicated stage is followed by a non-replicated one in the application pipeline. In particular,
large buffers would be required to ensure the in-order execution on the non-replicated stage. As a result,
round-robin execution is enforced in all the papers referenced above, and we enforce this rule too.

Because of this round-robin rule, the execution of a replicated stage is slowed down by the slowest
processor involved in the round-robin. Let Ccomp(k) be the computation time of processor Pk processing
stage Ti, and let Pslow be the slowest processor involved in the replication of Ti. Then, Pk processes one
data set every Ri data sets at the speed dictated by the slowest processor, and thus its computation time (per
data set) is Ccomp(k) = wi

Ri×Πslow
. Note that this implies that if processors of different speeds are processing

a same stage, some of them will remain idle at some time of the execution.

2.3 Problem definition

The objective is to find a mapping of the application stages onto the processors, using replication techniques,
so as to maximize the throughput ρ of the system. The throughput is defined as the average number of data
sets which can be processed within one time unit. Equivalently, we aim at minimizing the period P , which
is the inverse of the throughput and corresponds to the time-interval that separates two consecutive data sets
entering the system. We can derive a lower bound for the period as follows. LetCexec(k) be the cycle-time of
processor Pk. If we enforce the Overlap model, then Cexec(k) is equal to the maximum of its reception time
Cin(k), its computation time Ccomp(k), and its transmission time Cout(k) (note that Cin(0) = Cout(n − 1)
= 0): Cexec(k) = max {Cin(k), Ccomp(k), Cout(k)} . If we enforce the Strict model, then Cexec(k) is equal
to the sum of the three operations: Cexec(k) = Cin(k) + Ccomp(k) + Cout(k).

Note that in both models, the maximum cycle-time,Mct = max1≤k≤pCexec(k), is a lower bound for
the period.

Besides the important problem of finding the best mapping, we focus in this paper on the following prob-
lem, which in appearance looks simpler: given the mapping of stages to processors, how can we compute
the throughput ρ? If no stage is replicated, then the throughput is simply determined by the critical resource
(maximum cycle-time): ρ = 1/Mct. Again, this problem is addressed in [5] for the Strict model but the
same result can be easily shown for the Overlap model. However, when stages are replicated, the previous
result is no longer true, and we need to use more sophisticated techniques to compute the throughput, such
as timed Petri nets. We recall the main results that we established previously [4] in the next section, while
we will come back to the problem of finding the best mapping in Section 5.

2.4 Computing the throughput in the deterministic case

The problem of computing the throughput when execution and communication times are deterministic was
already studied in [4]. We recall the main results for the two communication models.
• Overlap: the throughput can be determined in polynomial time.
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• Strict: determining the complexity of this problem remains open. There already exists a method to
compute the throughput in time O

(
lcm1≤i≤m−1(Ri)3

)
, leading to a possibly exponential resolution

time.
In the following, we investigate how to compute the throughput when execution and communication

times are subject to random variations.

2.5 Random variations

We consider in the following that the time to complete a stage and the time to transfer data are random
variables. Moreover, each processor deals with only one stage (see Section 2.2). Thus, in the deterministic
case, we can denote the n-th computation time of stage Tk on processor Pi by ci = wk/sk. Similarly, the
n-th communication time of the file Fk sent by Pi to Pj is given by di,j = δk/bi,j .

In the case of probabilistic communication and computation times, we denote by Xi(n) the random
variable giving the actual computation time of the n-th time stage Tk processed by Pi. Similarly, we de-
note by Yi,j(n) the random variable giving the actual communication of the n-th file transfered from Pi
to Pj . Thus, we further denote the mapping of an application (T1, . . . , Tm) on a platform (P1, . . . , Pn) by
((Xi(n)), (Yi,j(n))).

The probability that the computation time of Tk on Pi is larger than x is given by Pr (Xi(n) > x), while
its expected value is given by E[Xi(n)].

This definition is general and does not imply any special constraint on the involved random variables.
However, some presented results are only valid for specific classes of random variables. Below we recall
the definition of these other classes of random variables.

Exponential variables An important class of random variables is the one of variables with exponential
distribution: the probability that an exponential random variable X with a rate λ is larger than t is given by
Pr (X > t) = 1− e−λt. The value of this variable is equal to 1/λ.

New Better than Used in Expectation variables A random variable X is said to have a N.B.U.E. dis-
tribution if, and only if, E[X − t|X > t] ≤ E[X], for all t > 0. Note that exponential variables have the
N.B.U.E. property, with equality in that case (E[X − t|X > t] = E[X], for all t > 0). In other words, the
N.B.U.E. assumption for communication or computation times means that if a computation (or a commu-
nication) has already been processed for a duration t and it is not finished yet, then the remaining time is
smaller than the processing time of a fresh operation. This assumption is often true since in most cases, a
partial execution of a stage should not increase the remaining work, especially when the amount of compu-
tation and communication are bounded from above. Also, note that there exist many statistical procedures
to test if a random variable is N.B.U.E. [13].

Independent and identically-distributed variables A collection of random variables is said to be inde-
pendent and identically-distributed (I.I.D.) if each random variable has the same probability distribution as
the others and all variables are mutually independent. This assumption will always to true in the following:
Processing times {Xi(n)}n∈N and communication times {Yi,j(n)}n∈N are independent I.I.D. sequences.

3 Computing the throughput with exponential laws

In this section, we only consider the case of exponential laws: all processing times and communication times
are exponentially distributed. In the corresponding Petri net, all transitions (modeling processing times or
modeling communication times) have exponential firing times. The probability of the firing time Ti of
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transition Ti (n) is given by Pr (Ti > x) = 1− e−λix. The firing rate λi corresponds either to the processing
rate of one processor or the communication rate over one link.

The study of the exponential case is motivated by two facts. First, one can get explicit formulas in this
case. Second (as we will see in Section 4), exponential laws are extreme cases among all N.B.U.E. variables.

In the rest of this section, we first recall the construction principles of the timed Petri net model (Sec-
tion 3.1). Then, we explain in Section 3.2 the general method which allows us to compute the throughput
for both the Overlap and the Strict models. However, this method has a high complexity. In the Overlap
case, we were able to provide a simpler method, building upon the relative simplicity of the timed Petri net
(Section 3.3). Finally, we derive a polynomial algorithm for the Overlap case when we further assume that
the communication network is homogeneous in Section 3.4.

3.1 Timed Petri net models

As in [4], we model the system formed by a given mapping of an application onto a platform by a timed
Petri net. Here we briefly recall the construction principles:
• any path followed by the input data sets is fully developped into the timed Petri net,
• any computation or communication is represented by a transition, whose firing time is the same as the

computation time (respectively communication time),
• dependences between two successive operations are represented by places between the transitions

corresponding to these operations.
The complete timed Petri net representing Example A (Figure 1) is shown in Figure 2. Note that in all

cases, the Petri net is an event graph (each place has a single input transition and a single output transition).

3.2 General method to compute the throughput

Theorem 1. Let us consider the system ((Xi(n)), (Yi,j(n))) formed by the mapping of an application onto
a platform. Then the throughput can be computed in time O

(
exp(lcm1≤i≤m−1(Ri))3

)
.

We only present here the main steps of the complete proof, and the detailed proof can be found in the
appendix:

1. model the system by a timed Petri net;
2. transform this timed Petri net into a Markov chain;
3. compute the stationary measure of this Markov chain;
4. derive the throughput from the marginals of the stationary measure.

3.3 Overlap model

We now focus on the Overlap model. As in the deterministic case, constraints applying to our system form
a very regular timed Petri net which is feed forward, giving an easier problem than the Strict model.

Theorem 2. Let us consider the system ((Xi(n)), (Yi,j(n))) formed by the mapping of an application onto
a platform, following the Overlap communication model. Then the throughput can be computed in time
O
(
m exp(max1≤i≤m−1(Ri))3

)
.

Here again, due to a lack of space, we only give the overall structure of the proof, while we refer to the
appendix for a detailed proof:

1. split the timed Petri net into several columns Ci;
2. separately consider each column Ci;
3. separately consider each connected component Dj of Ci;
4. note that each component Dj is made of many copies of the same pattern P;
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5. transform P into a Markov chain C;
6. determine a stationary measure of C;
7. compute the throughput of P in isolation (called inner throughput in the following);
8. combine the throughputs of all components to get the global throughput of the system.
Thanks to the regularity of the global timed Petri net, we split it into a polynomial number of columns,

and we compute the throughput of each column independently. This allows us to decrease the overall
complexity of the computation, similarly to the idea used in [4].

3.4 Overlap model, homogeneous communication network

In the case where all the communications times in one column are all I.I.D., with the same rate in com-
ponent Ci, denoted λi, then the inner throughput of each strongly connected component can be computed
explicitly with a very simple formula. This reduces the overall computation of the throughput to a simple
computation of minimums over the strongly connected components, which can be done in polynomial time.

Theorem 3. Let us consider the system ((Xi(n)), (Yi,j(n))) formed by the mapping of an application onto
a platform, following the Overlap communication model with a homogeneous communication network. The
inner throughput of a processor component Ck is ρk = λk.
The inner throughput of a communication strongly connected component Ci is equal to ρi = λi

vi+ui−1 .
The global throughput can be computed in polynomial time from all inner throughputs and is equal to:

ρ =
∑

Ci∈ column m

min
Cj≺Ci

ρj , (1)

where Cj ≺ Ci means that there exists a path from component Cj to component Ci.

Before we prove this main result, let us give several comments. First, the inner throughput of one
strongly connected componentCi under exponential communication times given by the very simple formula
ρi = λi

vi+ui−1 is to be compared with the throughput in the deterministic case where all communication times
are deterministic (1/λi), equal to ρi = λi

max(vi,ui)
. The fact that the throughput in the exponential case is

lower than the throughput in the deterministic case will be explained in Section 4. However, the fact that the
throughput can be computed explicitly is much more unexpected since such explicit formulas are known to
be very hard to obtain, even for simple event graphs [3].

Proof. Platforms with Overlap model and homogeneous communication network are special cases of the
Overlap model. Thus, the demonstration of Theorem 2 remains true, and we focus again on the Markov
chain C.

If C corresponds to a processor, the formula given previously applies and its inner throughput is
ρC = λC .

Next, we focus on a strongly connected component corresponding to a communication. We already
know that the throughput is given by an invariant measure of C. Graphically, the set of reachable states
from a given state is easy to define: any of the top-left corners in the line can be “inverted” into a bottom-
right corner to obtain a new valid state. In terms of Petri nets, this corresponds to the firing of any of the
ready transitions. On Figure 8, there are 4 fireable transitions, shown as 4 top-left corners on the bold
line. Moreover, this reasonning can be inverted: any bottom-right corner can be inverted, giving a possible
previous state leading to the current state.

Since we have as many top-left corners as bottom-right ones, any state of C has the same number of
incoming states as the outgoing ones. Moreover, because the communication network is homogeneous,
all transitions have the same firing rate. These two conditions imply that the Markov chain C admits the
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uniform measure as invariant measure [11]: if N is the number of states of C, then its invariant measure is
( 1
N , . . . ,

1
N ).

Last, let us compute the number of states of C allowing a given transition to be fired. Due to the round-
robin distribution of communications, all transitions have the same firing rate and we can only consider
the top-right transition T . The number of states such that T is fireable is exactly the number M(u, v) of
possible paths starting from this top-right corner. M(u, v) is computed in the same way as N(u, v) (see
proof of Theorem 2):

M(u, v) =
u−2∑
i=0

v−2∑
j=0

αi,j =
(
u+ v − 2
u− 1

)
=

N(u, v)
v + u− 1

.

Finally, we know the rate of the states leading to a given transition, and the number of states leading to
it. Thus, the throughput is equal to λC

(v+u−1) .
As in the previous case, the throughput of a component can be computed in an iterative way. The

throughput of one component is equal to the minimum of its inner throughput and the throughput of all its
incoming components. This allows one to compute the throughput of all components starting from the first
column and ending to the last.

Now the global throughout is the rate at which tasks exit the system. This is equal to the sum of the
throughputs of all components in the last column m. The throughputs of the last components are equal to
the minimum of the inner throughputs of all components on paths from the first column to the last. This is
exactly formula (1).

Computing ρ column by column makes the computation of this formula polynomial in the number of
tasks and processors.

4 Comparison results in case of general I.I.D. variables

In the previous section, we have shown how to compute the throughput when all communication times and
all processing times are exponential variables, even in polynomial time for the homogeneous Overlap case.

Previous works summarized in Section 2.4 have presented methods to compute the throughput in the
case of deterministic communication times and processing times.

In general, it is well known that the computation of the throughput is hard for arbitrary random commu-
nication times and processing times, even for very simple cases [12]. However, the fact that in our case, the
throughput is an increasing and convex function of communication times and processing times implies that
one can use stochastic comparisons to construct bounds on the throughput in the case where communication
times and processing times are I.I.D. N.B.U.E. variables (see Section 4.1). Moreover, the lower and upper
bounds are obtained by the deterministic and exponential cases respectively.

We provide a few numerical results in Section 4.2 to illustrate the behavior of several variables...
completer quand on aura la section...

4.1 Theoretical comparison

Definition 1. Let {X(n)}n∈N and {Y (n)}n∈N be two real random variable sequences.
• X is smaller than Y for the strong order (denoted X ≤st Y ) if for all increasing function f ,
E[f(X(1), X(2), · · · )] ≤ E[f(Y (1), Y (2), · · · )].
• X is smaller than Y for the increasing convex order (denoted X ≤icx Y ) if for all increasing convex
function g, E[g(X(1), X(2), · · · )] ≤ E[g(Y (1), Y (2), · · · )].
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In the following, we consider a very general system that is either Strict or Overlap whose processing
times and communication times are I.I.D..

Theorem 4. Let us consider two systems
(

(X(1)
i (n)), (Y (1)

i,j (n))
)

and
(

(X(2)
i (n)), (Y (2)

i,j (n))
)

.

If ∀i ≤ m,X(1)
i (n) ≤st X

(2)
i (n) and ∀i, j ≤ m− 1, Y (1)

i,j (n) ≤st Y
(2)
i,j (n), then

ρ(1) ≥ ρ(2).

Proof. Consider the Petri nets modeling both systems. They only differ by the firing times of the transitions.
Then for b = 1, 2, Let Db

k(n) be the time when transition Tk ends its n-th firing. The Petri net being an
event graph (all places have a single input transition and all places have a single output transition), the
variables Db

k(n) satisfy a (max,plus) linear equation: Db(n) = Db(n − 1) ⊗ Ab(n) 1, where the matrices
Ab(n) are such that Ab(n)ij =

∑
k T

b
k(n) if a path connects transtions Ti and Tj with one token in the first

place of the path and no token in any other place. Now, the firing times of the transitions T bk(n) are either
communication times or processing times so that there exists i, j (only depending on k, in a bijective way)
such that T bk(n) = X

(b)
i (n) or T bk(n) = Y

(b)
i,j (n). Therefore, T 1

k (n) and T 2
k (n) are I.I.D. sequences such

that T 1
k (n) ≤st T 2

k (n) for all n and k, so that the same holds for the sequence of matrices Ab(n). Now, the
(max,plus) matrix product and the sum are increasing functions. This implies that D1(n) ≤st D

2(n).
Finally, the throughput ρ(b) is the limit of n/E[Db(n)] when n goes to infinity, so that

ρ(1) ≥ ρ(2), which concludes the proof.

Theorem 5. Let us consider two systems with I.I.D. communication and processing times(
(X(1)

i (n)), (Y (1)
i,j (n))

)
and

(
(X(2)

i (n)), (Y (2)
i,j (n))

)
. If we have for all n,

∀i ≤ m,X(1)
i (n) ≤icx X

(2)
i (n) and ∀i, j ≤ m− 1, Y (1)

i,j (n) ≤icx Y
(2)
i,j (n), then we have

ρ(1) ≥ ρ(2).

Proof. The proof is similar to the previous one, using the fact that Db
k(n) is also a convex function (a

composition of maximum and sums) of the communication and processing times.

Theorem 6. Let us consider any system
(

(X(1)
i (n)), (Y (1)

i,j (n))
)

, such that X(1)
i (n) and Y

(1)
i,j (n) are

N.B.U.E.. Let us also consider two new systems
(

(X(2)
i (n)), (Y (2)

i,j (n))
)

and
(

(X(3)
i (n)), (Y (3)

i,j (n))
)

such
that:

• ∀i ≤ m,X(2)
i (n) has an exponential distribution, and E[X(1)

i (n)] = E[X(2)
i (n)],

• ∀i, j ≤ m− 1, Y (2)
i,j (n) has an exponential distribution, and E[Y (1)

i,j (n)] = E[Y (2)
i,j (n)],

• ∀i ≤ m,X(3)
i (n) is deterministic and for all n, X(3)

i (n) = E[X(2)
i (n)],

• ∀i, j ≤ m− 1, Y (3)
i,j (n) is deterministic and for all n, Y (3)

i,j (n) = E[Y (2)
i,j (n)].

Then we have:
ρ(3) ≥ ρ(1) ≥ ρ(2).

Proof. A direct consequence of the N.B.U.E. assumption is that if V is N.B.U.E. and W is exponential
with the same mean as V , then V ≤icx W (see [10], for example). It is also direct to show that if U is
deterministic and U = E[V ], then U ≤icx V . Therefore, a direct application of Theorem 5 shows that
ρ(3) ≥ ρ(1) ≥ ρ(2).

1the product ⊗ is defined as: (V ⊗M)k = maxi(Vi + Mik).
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In particular, this implies that in an Overlap case with a homogeneous communication network, as soon
as communication times and processing times are N.B.U.E., then the throughput ρ can be bounded explicitly.
It is comprised between the throughput of the system in which all random processing times are replaced by
their mean values (given by Formula (1), where the inner throughput of processing components are the same
as in the exponential case and the throughput of communication components is replaced by λi

max(ui,vi)
and

the throughput of the system in which all random processing times are replaced by exponential variables
with the same mean value, given by Formula (1).

4.2 Numerical experiments

Author: Matthieu

5 Finding the optimal mapping

In this section, we come back to our original problem, consisting in finding a one-to-one mapping which
maximizes the throughput when allowing stage replication. The problem was shown to be NP-hard in [5]
when no stage can be replicated (thereby enforcing a one-to-one mapping of stages to processors). The
proof of [5] was given for the Strict model but can be easily extended to the Overlap model.

However, with homogeneous communications, the problem was of polynomial complexity with no repli-
cation (see [5]). Our new contribution is to establish the NP-completeness of this problem when considering
replicated stages, even with no communication costs. This result is established for the deterministic case,
and thus the complexity holds for the probabilistic study.

Theorem 7. In the deterministic case, the problem of finding the one-to-one mapping with replication which
minimizes the period on a heterogeneous platform without communication costs is NP-complete.

Proof. Consider the associated decision problem: given a period K, is there a mapping whose period does
not exceed K? The problem is obviously in NP: given a period and a mapping, it is easy to check in
polynomial time whether it is valid or not.

The NP-completeness is obtained by a reduction from 3-PARTITION, which is NP-complete in the
strong sense [9]. Let I1 be an instance of 3-PARTITION: given a set A = {a1, ..., a3m} and an integer B,
with ∀1 ≤ i ≤ 3m, B4 < ai <

B
2 and

∑
1≤i≤3m ai = mB, does it exist m disjoint subsets A1, ..., Am of

A such that ∀1 ≤ j ≤ m,
∑

ai∈Aj
ai = B? We construct an instance I2 of our problem with 3m pipeline

stages and m(m+1)
2 B processors such that:

• ∀1 ≤ k ≤ 3m,wk = m!× ak (computation cost of stage Tk);
• ∀1 ≤ j ≤ m, there are exactly j ×B processors of speed m!

j ;
• the period is fixed to K = 1.
Note that in this instance the sum of the speeds of all processors is equal to the sum of computation costs

of all stages. This proves that in a mapping of period 1, processors cannot be idle. Therefore, all processors
allocated to a same stage must have the same speed (see Section 2.2). Also, since 3-PARTITION is NP-
complete in the strong sense, we could encode I1 in unary. Moreover, the values in I2 (stage computation
costs, processor speeds, period) can be encoded in binary and thus their size is polynomial in the size of I1.

Now we show that I1 has a solution if and only if I2 has a solution. Suppose first that I1 has a solution
A1, ..., Am. For all 1 ≤ j ≤ m, for all i such that ai ∈ Aj , we associate the stage Ti of computation cost wi
to ai × j processors of speed m!

j . Since
∑

ai∈Aj
ai × j = B × j, this solution respects the number of

9



available processors. We obtain, for all 1 ≤ i ≤ 3m such that ai ∈ Aj , a period ai×j
ai×j = 1. This proves that

this mapping is a valid solution for I2.
Suppose now that I2 has a solution. We know that all processors allocated to a same stage have the

same speed, otherwise the period would be greater than 1. For 1 ≤ j ≤ m, let Aj be the set of ak such that
stage Tk is mapped onto processors of speed m!

j . We obtain ∀j,
∑

ak∈Aj
ak ×m! ≤ j × Bm!

j , that means
∀j,
∑

ak∈Aj
ak ≤ B, and since we have

∑
1≤i≤3m ai = mB, it means that ∀j,

∑
ak∈Aj

ak = B. Therefore,
A1, ..., Am is a solution for I1. This concludes the proof.

6 Conclusion

In this paper, we have investigated how to compute the throughput of probabilistic streaming applications.
Indeed, the problem turns out difficult when stage replication is performed in a round-robin fashion. In
previous work [4], we provided methods to compute the throughput in a deterministic case, using timed
Petri nets. We extended these results in a case where computation and communication times follow random
variable laws. In the case of exponential laws, we identified cases in which we were able to compute the
throughput explicitly. In the general case, we were able to give bounds to the throughput when random
variables are I.I.D. N.B.U.E.. Moreover, the lower and upper bounds are obtained by the deterministic and
exponential cases respectively, and we can compute both bounds in polynomial time under the Overlap
model with a homogeneous communication network.

Computing the throughput given the mapping is an important problem but one may further want to
decide of a mapping which provides the optimal throughput. We proved that this problem is NP-complete,
even in the simpler deterministic case with no communication costs.

Now that we have new methods to evaluate the throughput of a given mapping even in a probabilistic
setting, we plan in future work to design polynomial time heuristics for the NP-complete problem mentioned
above. Thanks to the methodology introduced in this paper, we will be able to compute the throughput
of heuristics and compare them together. This would be a first important step in the field of scheduling
streaming applications on a dynamic platform subject to variations.
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Figure 1: Example A: Four-stage pipeline and seven-processor computing platform
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Figure 2: Timed Petri net representing Example A.
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Figure 3: Example A: Part of the timed Petri net corresponding to communication F2.

A Proof of Theorem 1

Proof. First, we present the main steps of the complete proof:
1. model the system by a timed Petri net;
2. transform this timed Petri net into a Markov chain;
3. compute the stationary measure of this Markov chain;
4. derive the throughput from the marginals of the stationary measure.

Model the system as a timed Petri net. As said before, the transformation of the initial system into a
timed Petri net is fully described in [4] and we do not detail it here. This step is done in time O (Rm),
and the expectation of the delay between two successive firings of any transition gives the throughput of the
system.

Transformation of the timed Petri net into a Markov chain. To compute the expectation of the delay
between two successive firings of any transition, we transform the above timed Petri net into a Markov
chain (Z1, Z2, . . .). To each possible marking Mi of the timed Petri net, we associate a state xi. There
are (2m + 3(m − 1))R places, and each place contains either zero or one token. Thus, there are at most
2(2m+3(m−1))R possible different markings, leading to the same number of states in the Markov chain.

Due to the exponential size of the number of states of the Markov chain, we only consider the part of
the timed Petri net corresponding to communications in examples. This part is shown in Figure 3.

On Example A, places are named (P1,P2,P3,P4,P5,P6,P7,P8,P9,P10,P11,P12), while transitions
are named (a, b, c, d, e, f). Thus, a state is defined by a 12-uple, each number equal to either 0 or 1 being
the number of tokens in the place. In the Markov chain, moving from a state to another corresponds to the
firing of a transtion of the timed Petri net. Thus, arrows in the graphical representation of the Markov chain
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(0, 0, 1, 1, 0, 0, 0, 1, 0, 1, 1, 0)

(1, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1, 0)

(0, 1, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1)

(0, 0, 1, 0, 1, 0, 1, 0, 0, 1, 1, 0)
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(0, 1, 0, 0, 0, 1, 0, 1, 1, 0, 0, 1)

(0, 1, 0, 0, 1, 0, 1, 0, 1, 0, 1, 0)

(0, 0, 1, 0, 0, 1, 1, 0, 1, 0, 1, 0)

(1, 0, 0, 0, 0, 1, 1, 0, 1, 0, 0, 1)

Figure 4: List of all possible states of the Markov chain corresponding to the reduced timed Petri net of
Example A.

are labeled with the names of the transitions. The complete list of possible states and the corresponding
transitions are given in Figure 4.

If in state xi, transition Tj can be fired leading to state xk, then the transition rate of the corresponding
arrow is set to λj .

Computation of the throughput. Using this new representation, we are able to compute the throughput.
The throughput is the number of completed last stage Tm per time unit. In terms of Petri nets, this is also
the expected number of firings per time unit of the transitions in the last column. Thus, in terms of Markov
chains, the throughput is given by the probability of being in one of the states enabling these transitions.
By construction of the Markov chain, all of its states are positive recurrent. Thus, it admits a stationary
distribution, giving the probability of each state. This stationary distribution can be computed in polynomial
time in the size of the Markov chain by solving a linear system [11].

The sum of the probability of the valid states returns the throughput.
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B Proof of Theorem 2

Proof. First, let us give the overall structure of the proof:
1. split the timed Petri net into several columns Ci;
2. separately consider each column Ci;
3. separately consider each connected component Dj of Ci;
4. note that each component Dj is made of many copies of the same pattern P;
5. transform P into a Markov chain C;
6. determine a stationary measure of C;
7. compute the throughput of P in isolation (called inner throughput in the following);
8. combine the throughputs of all components to get the global throughput of the system.

To decrease the overall complexity, we use the same idea as in [4]: thanks to the regularity of the global
timed Petri net, we split it into a polynomial number of columns, and we compute the throughput of each
column independently.

Let us focus on a single column. We have two cases to consider: (i) the column corresponds to the
computation of a single processor; (ii) the column corresponds to communications between two sets of
processors.

In case (i), cycles do not interfere: any cycle involves a single processor, and any processor belongs to
exactly one cycle. Thus, the inner throughput is easily computed, this is the expectation of the number of
firing per time unit. The processing time Xi(n) being exponential, this is equal to the rate λi of Xi.

On the contrary, case (ii) is more complex and requires a more detailed study. Let us consider the i-th
communication: it involvesRi senders andRi+1 receivers. We already know that the timed Petri net is made
of g = gcd(Ri, Ri+1) connected components. Let u be equal to Ri/g and v be equal to Ri+1/g. Then each
connected component is made of c = R

lcm(Ri,Ri+1) copies of a pattern of size u× v. Since these components
are independent, we can compute the throughput of each of them independently. In the case of Example B
presented in Figure 5, we consider a 4-stage application, such that stages are replicated on respectively 5,
21, 27 and 11 processors. More precisely, we focus on the second communication, involving 21 senders and
27 receivers. In this case, we have g = 3 connected components, made of 55 copies of pattern P of size
u× v = 9× 7.

Each pattern is a timed Petri net P with a very regular structure, which can be represented as a rectangle
of size (u, v), as shown in Figure 5. As said before, determining the throughput of P is equivalent to
determine a stationary measure of a Markov chain. We know that the stationary measure of a Markov chain
with t states can be computed in time O

(
t3
)

[11]. Thus, we need to determine the number of states of the
transformation of P into a Markov chain. Let C be this Markov chain.

The number of states of C is by definition the number of possible markings, and we can directly de-
termine it. A valid marking of P of Figure 5 is represented in Figure 6. The regularity of the structure
imposes some constraints to valid markings: a transition can be fired for the k-th time if, and only if, all
the transitions above it or on its left have been fired k times. In other terms, if a processor sends a file to
q receivers P1, . . . , Pq, it can send the k-th instance of the file to Pi if, and only if, it has sent the k first
instances of the file to P1, . . . , Pi−1.

In our rectangular representation of the timed Petri net, the borderline between transitions that have been
fired k + 1 times and those that have been fired k times is the union of two Young diagrams, as displayed
on Figure 6. Since there is only a single token in each column and in each row, we cannot have three
simultaneous Young diagrams.

Let us compute the number of states of the Markov chain C. As said in the previous paragraph, the
borderline can be seen as two Young diagrams, or two paths. The first one is from coordinates (i, 0) to
(0, j), and the second one goes from (u, j) to (i, v) (see Figure 7). If i and j are given, then there are
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αi,j =
(
i+ j
i

)
possible paths from (i, 0) to (0, j), where

(
n
k

)
is equal to n!

k!(n−k)! . Similarly, there

are αu−1−i,v−1−j possible paths from (u, j) to (i, v). Thus, if i and j are given, then there are αi,j ×
αu−1−i,v−1−j possible markings. If i and j are not given anymore, then the total number N(u, v) of valid
markings can be easily determined:

N(u, v) =
∑u−1

i=0

∑v−1
j=0 αi,jαu−1−i,v−1−j

=
∑u−1

i=0

∑v−1
j=0

(
i+ j
i

)(
u+ v − 2− i− j

u− 1− i

)
=

(
u+ v − 1
u− 1

)
v = (u+v−1)!

(u−1)!v! v

Thus, the final Markov chain of a single connected component has exactly N(u, v) = (u+v−1)!
(u−1)!v! v states,

and its inner throughput can be computed in time N(u, v)3.

Let us now come to the computation of the global throughput of the system. Actually, the throughput is
given by the following iteration. The throughput of one strongly connected component is the minimum of
its inner throughput and the throughput of all its input components, so once all inner throughputs are known,
the computation of the throughput is linear in the number of components.

In the i-th column, we have g = gcd(Ri, Ri+1) connected components so that the total computation
time to obtain their throughput is equal to gN(u, v). Since we have N(gu, gv) ≥ gN(u, v), u = Ri/g
and v = Ri+1/g, the total computation time to determine the throughput of the i-th column is less than
N(Ri, Ri+1).

Finally, the total computation time of the throughput is equal to
∑m−1

i=1 N(Ri, Ri+1)3, leading to our
result of a throughput that can be computed in time O

(
m exp(max1≤i≤m−1(Ri))3

)
.
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Figure 5: Example B, with stages replicated on 5, 21, 27 and 11 processors, and structure of the timed Petri
net corresponding to the second communication.
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Figure 6: Valid marking of P , the reduced timed Petri net of the second communication of Example B.
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Figure 7: Representation with Young diagrams of a valid marking.
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Figure 8: Reachable states from a given position.
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