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Optimal Dynamic Remapping of Data Parallel
Computations

DAVID M. NICOL anp PAUL F. REYNOLDS, JR.

Abstract— A large class of data parallel computations are
characterized by a sequence of phases, with phase changes oc-
curring unpredictably. Dynamic remapping of the workload to
processors may be required to maintain good performance. The
problem considered here arises when the utility of remapping and
the future behavior of the workload is uncertain, phases exhibit
stable execution requirements during a given phase, but require-
ments may change radically between phases. For these situations,
a workload assignment generated for one phase may hinder per-
formance during the next phase, This problem is treated for-
mally for a probabilistic model of computation with at most two
phases. We address the fundamental problem of balancing the
expected remapping performance gain against the delay cost,
and derive the optimal remapping decision policy. The promise
of the approach is shown by application to multiprocessor im-
plementations of an adaptive gridding fluid dynamics program,
and to a battlefield simulation program.

Index Terms— Data parallel computations, dynamic remap-
ping, load balancing, Markov decision process, parallel process-
ing, performance analysis.

I. INTRODUCTION

q N IMPORTANT issue in parallel processing is the assign-
ent, or mapping, of workload to processors. Workload
should be mapped evenly among processors, and in a way
that does not induce too much interprocessor communication.
To accomplish this task, a mapping algorithm must take into
account the anticipated behavior of the mapped computation.
Some computations dynamically change their behavior as they
progress. We are interested in computations that exhibit dis-
tinctly different phases, and in the problem of dynamically
changing their mapping in response to phase changes.
Computations of this sort are frequently domain-oriented,
time stepped, and data parallel. This means the computation
is focused on a data domain often representing a physical do-
main, it is composed of a sequence of clearly delineated steps,
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and the processing for each data element within a step can be
performed in parallel with the others. Many numerical simu-
lations of physical systems can be characterized this way; we
will illustrate this phenomenon with two such model problems,
an adaptive gridding fluids computation, and a time-stepped
land-battle simulation.

Phases arise in a number of ways. We focus here on situa-
tions where phases occur as the computation responds to either
run-time input, or in response to emerging solution features
in the computation. One of our model problems uses adaptive
gridding [3], which dynamically adds and deletes grid points
from the domain. The land-battle simulation changes phase as
combating units become close enough to fight; the attrition
calculations are intensive, so that the run-time behavior of the
simulation dramatically changes.

Many data parallel codes are tightly coupled; this suggests
the use of a global mapping (or remapping) mechanism, as op-
posed to a distributed mapping decision mechanism. This is
especially reasonable in view of the fact that many numerical
codes of the type we consider already have global compo-
nents to them. In this paper, we view dynamic remapping as
the dynamic invocation of a static mapping algorithm. The
decision to remap must weigh the overhead costs against the
performance benefits. Tradeoffs can sometimes be readily an-
alyzed for a computation whose behavior is predictable, even
in the presence of dynamic behavior [22]. However, it is often
more reasonable to assume that the computation’s behavior is
not completely understood, and that there is uncertainty in
the length of the computation, the occurrence of the phase
change, and in the benefits of remapping.

Dynamic remapping raises a number of issues including
detecting a phase change, choosing and implementing a new
mapping, and optimally choosing when to remap. Detecting a
phase change is highly problem dependent; however, a compu-
tational phase change generally occurs in response to a phase
change in the physical system being simulated. It is reason-
able to assume that the application code developer understands
the physical system, and knows what characteristics suggest
a phase change. That developer can design and implement a
routine which estimates whether a phase change has occurred.
The static mapping problem for data parallel computations is
addressed by two very general techniques: binary dissection
[2] and scatter decomposition [12]. We will introduce and
use scatter decomposition in our model problems. This pa-
per treats the remapping decision problem and has two con-
tributions. One is to formally derive the optimal remapping
decision policy, the other is to provide proof of concept, by
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demonstrating remapping’s utility on two very different model
problems, implemented on a multiprocessor. We will argue
that this utility scales with problem size and architecture.

Most of the literature related to remapping takes a differ-
ent view than ours. The work reported in [8], [11], and [30]
essentially presumes that jobs arrive at a central dispatcher
that assigns jobs to processors. This model of computation
behavior does not describe data parallel computations well.
Recent work, including [10], [18], [28], [29], and [31], al-
lows dynamic, decentralized assignment decisions. This fla-
vor of work generally assumes that tasks are independent;
this assumption is inappropriate for most data parallel com-
putations because of the dependence between adjacent data
regions. Static task and file assignment algorithms are pre-
sented in [2], [4], [6], [7], [9], [14], [15], [17], and [24]. The
present paper compliments an earlier treatment of dynamic
remapping of parallel computations, where we consider com-
putations whose behaviors change gradually [21]. The deci-
sion policy we develop here is quite different, as it focuses on
detecting the abrupt phase change. Our approach is a variation
on aspects of the broad treatment of change detection under
uncertainty given in [25]. Our model modifies this analysis
by using a different decision cost structure and by assuming a
random computation duration.

This paper contains two contributions. One is to formalize
the remapping problem as a Markov decision process and then
determine the structure of the decision policy that minimizes
the expected execution time. The second is to report on the
implementation of dynamic remapping on two distinct model
problems. The preliminary results obtained from these prob-
lems shows that dynamic remapping can substantially improve
performance.

The remainder of the paper is organized as follows. Section
II describes two model problems. Section III develops the an-
alytic decision model, identifies important functions related to
the remapping problem, and derives the optimal decision pol-
icy. Because the optimal policy cannot typically be achieved
in practice, Section IV proposes a realistic heuristic. Section
V reports on parallel implementations of our model prob-
lems. Performance using dynamic remapping is shown to be
substantially superior to the performance of static mapping.
Section VI presents our conclusions, and the Appendix treats
analytic issues in detail.

II. REMAPPING MODEL PROBLEMS

The first model problem is a one-dimensional fluid dynam-
ics code. The code numerically simulates the density p(r, #)
and velocity v(r, t) of a compressible fluid flowing through a
tube, as a function of position r and time ¢. Our implementa-
tion employs the ETBFCT code [5] which solves the general
continuity equation

Op(r, ) _ O(p(r, yv(r, 1)) n OD(r, 1)

ot or or

ODs(r, t
o2

where C,, Dy, D, and D; are problem dependent constants

+ + Ds(r, t)
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or functions. For simplicity our experiments set all of these to
zero. The one-dimensional tube model is initially discretized
with a coarse grid having one point every 4 spatial units. Given
the density and velocity values of p throughout the domain
at time #o and the density of fluid entering the tube at time
to + At, ETBFCT numerically integrates in ¢ to solve for
fluid behavior at time ¢ + At¢. This problem is data parallel,
because the value of any two grid points at time #p + Af can
be computed in parallel. The problem is easily seen to be
composed of a sequence of steps—the integrations at each
time step.

Variant behavior is caused by an adaptive gridding tech-
nique proposed in [3]. Every 5Af time units the solution is
examined. Additional fine grid points (at the smaller inter-
point spacing of /4 /6) are added in regions where the solution
is changing rapidly; likewise, existing fine grid points in sta-
ble regions are removed. Regions covered with fine grids are
integrated more often, with a smaller time step.

Now consider a parallel implementation of ETBFCT on a
distributed memory multiprocessor. The density at position rp
at time #( + At depends functionally on the density values for
all grid points between ro—5h and ro-+5h at time 4. Interpro-
cessor communication is required if any of these points reside
on different processors. The coarse-grained partitioning illus-
trated in Fig. 1 is illustrative of a block decomposition which
assigns each processor one length of domain, all lengths are
equal. A processor must transmit and receive five points for
every grid that crosses a boundary of a processor’s partition.
Coarse-grained partitioning minimizes communication; how-
ever, fine grids will cause severe load imbalance if most of a
fine grid is assigned to one processor’s domain. As shown in
Fig. 1, load imbalance can be improved with a fine-grained
partition, wrapped around all processors, at the price of much
more communication. A coarse-grained partition is preferred
when little or no dynamic regridding is occurring, because
the load is naturally distributed. A fine-grained partition is
preferred in the presence of active dynamic regridding, to
distribute the extra workload introduced by fine grids. Both
instances are realizations of so-called scatter decompositions
discussed at length in [12].

In the experiments described in Section V, the computation
experiences one phase where little regridding occurs, followed
by another where a substantial amount occurs. It is not known
in advance when a phase change will occur. This is typical of
more complex fluid codes that analyze the effects of a shock
wave on some body (e.g., a wing). The shock itself forms un-
predictably, making the occurrence of a phase change uncer-
tain. However, by observing the computation, one can count
fine grid points and guess when a phase change occurs, but
this method is fallible—occasionally fine grid points appear,
and quickly disappear. The remapping policies we develop
govern the use of a fallible phase change detection mecha-
nism to decide when to remap from a coarse-grained to a
fine-grained partition. One might also argue that we should
merely use a static scatter decomposition which is less ex-
treme than either of these. The drawback to such an approach
is that it leaves unspecified exactly which scatter decompo-
sition (among the many possible) to use—it simply pushes
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Fig. 1. Partitioning and assignment of a fluids code domain.
the problem of balancing the competing concerns of the two
phases onto the initial mapping selection. The balance to strike
depends on when the phase changes and the relative perfor-
mance of both phases under each of many static mappings.
As these quantities are unknown, we see that simply choos-
ing a good static mapping is a problem equally as hard as
the dynamic remapping decision problem. With a two-phase
dynamic remapping approach, we can be fairly confident that
the block decomposition will work well during quiescent pe-
riods, while the fine-grained decomposition will work well in
the presence of highly irregular gridding.

Our second model problem is Zipscreen, a time-stepped
simulation originally developed by the BDM Corporation to
study issues in the parallel simulation of land battles [13].
Zipscreen simulates the movement and interaction of units
in a two-dimensional domain. Units from opposing sides en-
gage in combat when they are close to each other—the bulk
of the computational workload is in combat attrition calcula-
tions. Because the units move (possibly under the interactive
direction of a simulation user) the computational workload
is unpredictable and variant. Zipscreen can be mapped onto
a multiprocessor using scatter decomposition in two dimen-
sions (see [19] for details). Here, the domain through which
the units move is partitioned and assigned to processors. A
processor is responsible for all enemy perception, combat,
and movement calculations for units resident in its region(s).
Communication is required to move units from one region to
another, and to share state data of all units on region bound-
aries. Like the fluids code, a fine-grained partition has good
load balance and bad communication costs; these tendencies
are reversed by a coarse-grained partition. Zipscreen is easily
seen to fit our assumed model; its steps are simply the time
steps in the simulation. It is data parallel because perception,
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attrition, and movement calculations for all units at a given
time step can be performed in parailel.

The utility of remapping Zipscreen arises from the way that
such simulations are typically run. In an initial phase, the op-
posing sides are geographically separate, and begin to move.
The running time is dominated by communication and is op-
timized using a coarse-grained partition. The second phase
begins as the opposing sides move into proximity. The run-
ning time becomes dominated by attrition calculations, and a
fine-grained partition is most effective. It is not known in ad-
vance when the phase change will occur. One can measure the
computation/communication ratio and guess that the phase has
changed when the ratio rises. This method is fallible because
our ability to separately measure computation and commu-
nication costs is not exact, and minor skirmishes can tem-
porarily raise the ratio prior to full scale engagement. Once
again we see that uncertainty in predicting and detecting the
phase change complicates the remapping decision problem.
Were we to simply choose a static mapping, this same uncer-
tainty complicates the choice of that mapping. However, like
the fluids problem, we can be fairly confident that a coarse-
grained partition works well prior to full-scale combat, and
that a fine-grained partition works well during combat. Pro-
vided that the remapping cost is not excessive, a dynamic
remapping approach has much to offer.

The model problems share important characteristics. Both
exhibit a phase where communication costs dominate, fol-
fowed by a phase where computation costs dominate. Both
can be viewed as a sequence of steps; the fluids code has
regridding steps, the simulation has time steps. At some spec-
ified frequency of steps a global monitor can estimate whether
a phase change has occurred. Such mechanisms are inherently
fallible. For both problems a new mapping is defined simply
by a new domain partitioning. Given this simple description,
the processors can implement the new mapping in parallel.
The serious issue is that of deciding when to remap, in the
presence of uncertainty. The mathematical model developed
in the following section addresses that issue.

IIT. A RemaPPING DEcision MoDEL

This section develops the remapping decision model. We
first describe the decision mechanism, and then the various
costs and uncertainties inherent to the model. Next we show
how ‘“‘remaining cost functions” can be employed to describe
the expected remaining time to completion, as a function of
how long the computation has already been running, what
our estimated probability that the phase has already changed
is, and the next remapping decision we make. The optimal
decision to make at a decision step is then the one whose as-
sociated remaining cost function is least. Finally, we show that
the optimal decision policy always has a threshold structure.

A. A Decision Model

Many computations, like the model problems, have clearly
defined time steps. We assume that the processors synchronize
at a barrier synchronization each step. It is natural to decide
at the end of each step (or with some less frequent, but fixed
periodicity) whether to remap. A decision step in the fluids
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code occurs immediately after a gridding decision (every five
time steps). Each time step in the land-battle simulation serves
as a decision step. We define cycle i to be the period of
computation between decision steps i and i 4+ 1. A decision to
remap imposes a delay cost, after which one hopes that the
time required to execute a cycle, the cycle time, will have
improved. The problem of deciding when to suffer a short-
term cost in order to achieve a long-term gain can be addressed
in the context of a Markov decision process [26]. To make the
analysis of such a decision process tractable, we assume that
at most one phase change will occur during the course of the
computation.

The remapping decision mechanism works as follows. At
each decision step a monitor consults a “phase change”” mech-
anism which tells the monitor whether, in its estimation, the
phase change occurred and so whether performance will im-
prove following a remapping. Treating this advice as statisti-
cal information, the monitor uses a Bayesian formulation to
update the probability that the phase change did indeed oc-
cur before the decision step. The decision whether or not to
remap depends on the value of that probability, and how many
time steps the computation has already executed. A decision
policy specifies a remapping decision for each decision step
and phase change probability. The optimal decision policy is
one which, when followed, minimizes the expected comple-
tion time of the computation.

The formal model uses random variables to describe exe-
cution times, remapping costs, and uncertainty in the phase
change monitor’s response. The mean cycle time depends on
whether the phase change has occurred and whether the com-
putation has been remapped. The mean cycle time for each
possible combination is defined below.

Mean Cycle Time Mapping Phase
er Original first
eg Original second
ep New first
er New second

In the model problems, ep > ef reflects the additional com-
munication cost of fine-grained partitioning when load balanc-
ing is not needed; likewise, eg > eg reflects the bad perfor-
mance suffered by a coarse partition following a phase change.
Throughout our discussions, we implicitly assume these in-
equalities, so that a mean per-cycle gain by remapping is pos-
sible if and only the phase has changed.

There is uncertainty in when the computation will termi-
nate. This is captured by allowing the number of cycles N to
be random and independent of phase change. We assume that
N is bounded from above by some constant M. To model the
uncertainty in when the phase changes, we assume that the cy-
cle index of a phase change is geometrically distributed, with
parameter ¢. Consequently, for every n, ¢ is the probability
that the phase change happens at cycle n given that it has
not happened before cycle n. The geometric distribution is
attractive, in that it both offers analytic tractability and some
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control over where probability weight is placed. If a problem
tends to exhibit a phase change relatively early in a compu-
tation, ¢ can be made large; if a phase change occurs late,
or not at all, ¢ can be made small. Uncertainty in the phase
change detection mechanism’s veracity is modeled by assum-
ing that every invocation of the mechanism has a probability
a of prematurely reporting a phase change and a probability
B of failing to report an existing change. For the model prob-
lems, this uncertainty is inherent due to noisy performance
measurements and the problems’ dynamic behavior.

B. Calculation of Gain Probability

Using these model definitions, one can formally describe
how the probability that the phase has already changed behaves
as the computation progresses and as we continually consult
the monitor. Under the assumption that a per-cycle perfor-
mance gain can be achieved following a phase change, this
probability is equivalently the gain probability. Faced with
potential high remapping costs and poor performance in the
event of premature remapping, we do not want to remap on
the basis of a single positive test report. The gain probability
Pr is recomputed at each decision step #. The initial value
Do is taken to be zero. The result of a test at cycle n gives
information about the likelihood that the phase has already
changed. The result is combined with our prior estimate p,_,
using Bayes’ Theorem [27]. To apply this theorem, it is nec-
essary to first compute an @ priori probability p,(p), which
is the pretest probability that the phase has changed at the nth
cycle, given that p,_; = p:!

Pap) =p + (1 —p)o.

If a positive report is observed, Bayes’s Theorem gives

pa(p) - (1 —0)
Pa@) (1 =B) +(1 = pa(p)) -’

Given a negative report, p, is similarly defined by p®(p):

p.p)-B
Pa) B+ —pap))-(1 —a)

We require one other related probability. Let g°(p) be the
probability that the detection mechanism reports a phase
change at cycle n, given that p,_; = p. By conditioning
on whether the change has actually changed by cycle n, it is
not difficult to see that

DPn :p('(p) =

Do =P(p) =

4°(P) = pa(PX1 = B) + (1 = pa(p)e.

The probability of a negative report at cycle n given pp_y = p
is simply ¢°(p) = 1 — q°(p).

C. A Stochastic Dynamic Programming Problem

It is now possible to formulate the remapping decision prob-
lem in terms of stochastic dynamic programming. At cycle n
the state of the remapping decision process is the pair (p,, n).

!If one has more detailed knowledge of the phase-change distribution, this
expression is easily modified: p,(p, n) = p + (1 — p)h(n), where h(n) is the
distribution’s hazard rate function. Derivation of the optimal decision policy
depends on the geometric assumption.
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At every cycle, the decision incurs a cost dependent on the
decision (retain, or remap) and the current state. We seek
a decision policy that minimizes the expected sum of costs
incurred by the decisions followed under that policy. In our
application, the costs model cycle times and remapping over-
head. The optimal decision policy depends on these costs, the
remaining length of the computation, and our confidence that
remapping gain is possible. Given gain probability p at cy-
cle n, let V({p, n)) denote the expected remaining execution
time of the computation if we use the optimal decision policy.
If we choose to retain the old mapping at cycle n, the next
cycle’s expected execution time is pep + (1 — p)er. Now
let E,({p, n)) be the optimal expected remaining execution
time after cycle n + 1, given a retain decision in state (p, n).
E,({p, n)) describes optimal decision policy costs after cy-
cle n + 1, and so is stated in terms of V((-, n + 1}). Given
Ppn = p the test mechanism reports a change at n + 1 with
probability g¢(p), in which case p,+1 = p°(p). Likewise,
Dn+1 Will become p¢(p) with probability g°(p). Thus,

Ev((p’ n)) = qc(P)V(@E(P), n+ 1>)
+q° @)V ((P° (D), n +1)).

From (p, n) the expected optimal remaining execution time
following a retain decision is

C({p, n)) = peg +(1 — pler +E,({p, n)).

We call C; the retain cost function.

We similarly define C ,,({p, n)), the remap cost function,
to be the optimal expected remaining execution time achieved
by remapping now. Remapping incurs an overhead cost D.
If the phase has changed, every remaining cycle will have
mean time eg; there are a mean number N,—n+1of cycles
remaining, where N, =E[N [N > n]. Let x be the first cycle
after which the phase change has occurred. Then the remap
cost function at (p, n) conditioned on X < n is

Cm({p, n)|X <n) =D + (N, —n + Dex.

If remapping is chosen prematurely, we assume that this is
determinable after suffering the cost D, that the computation
uses the old mapping for cycle n, and that the decision process
is free to choose remapping at a later cycle.? Discovering that
remapping is premature sets the gain probability to zero. The
remap cost function at (p, n) conditioned on X > n is thus

Cnm({p,n)| X >n)=D +er +E,{0, n)).

Combining these expressions gives the unconditional remap
cost function

Cnm({p,n) =D +p(N, —n+ Deg

+(1 —p)(eF +Eu(<09 n)))

2 Qur results are not substantially affected if we do not assume this checking
ability. The form of the remap cost function changes, but the single threshold
decision policy is still derivable. The model problems are actually better
suited to the modified formulation, but other problems may incorporate a
checking ability.
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This formulation assumes that once a new mapping is imple-
mented the decision process stops and no further remapping
is considered. Finally, we will find it convenient to define
C{p,n)) =0and C,({p, n)) =D for n > N. We sum-
marize our decision model definitions in Table I.

The optimal decision from state (p, n) is given in terms
of C m((p, n)) and C,({p, n)). The principle of optimality
states that

C m((ps 1))
c.(p,n)

and that the optimal decision from (p, n) is the one whose
cost function minimizes the right-hand side of this equation.
We next show that the optimal decision policy is nicely char-
acterized.

V((p, n)) = min {

D. Optimal Decision Policy Thresholds

We are now in a position to determine the optimal decision
policy. It turns out that it is a threshold policy: for every cycle
n there exists 7, € [0, 1] such that the optimal decision from
(p, n) is to remap if and only if p > 7,. While this is a very
intuitive result, its derivation is not obvious. The following
lemma provides the fundamental reasons for the optimal policy
structure. Its proof is given in the Appendix.

Lemma 1.

e For all n, C,,({p, n)) is a linear function of p;

e For all n, C,({p, n)) is a piecewise linear concave func-
tion of p;

e There exists 7y € [0, co] such that for all »n > ng,
C «((p. n)) < C m({p, n)) for all p €0, 1];

o If n < ng, C ({1, n)) <C ({1, n)). O

Consider the implications of Lemma 1. C,({p, n)) <
C m({p, n)) whenever n > ngy, implying that we should re-
tain for any value of p,. In this case, 7, = 1. For n < nyg
we know that C ,,((1, n)) < C ({1, n)). As a consequence
of Cn({-,n)ys concavity it is geometrically impossible
for C,({-, n))’s functional curve to intersect C ,,({ -, n))’s
functional curve more than once, as illustrated by Fig. 2.
If Ci((-,n)) and C,({-,n)) intersect at w, < 1, then
C:({p, n)) is less than C n({p, n)) for p [0, 7,1, and
C m({p, n)) is less than C ,((p, n)) for p € [mp, 1]. 1t fol-
lows that the optimal decision from state (p, n) is to retain if
p < m,, and to remap if p > ,. We summarize this result:

Theorem 1: For every cycle n, there exists a 7, such that
the optimal decision from (p, n) is to remap if and only if
> . O

IV. A ReEMAPPING HEURISTIC

Given quantified model parameters we can in theory com-
pute the thresholds identified by Theorem 1; in practice, there
are significant obstacles. A computational problem arises from
the fact that the optimal cost functionsV'(( -, n)) are all piece-
wise linear. As we have discussed elsewhere [20], the num-
ber of linear segments describing V({p, n)) is approximately
twice that of V({p, n + 1)). An exact solution generates an
exponentially large number of line segments. This problem
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TABLE 1
MobEL DEFINITIONS

Notation

Definition

Decision Step Number
Upper Bound on N

N given N 2 n
E[N,]

Phase Change Gain Rate

Random number of decision points

n
N
M
N,
n
er Pre-Gain Execution Time, Original Mapping
ep Post-Gain Execution Time, Original Mapping
ep Pre-Gain Execution Time, New Mapping
er Post-Gain Execution Time, New Mapping
D Delay to Calculate and Implement New Mapping
a Gain Test False Alarm Error
B Gain Test Missed Gain Error
¢

p.@) A Priori Probability of Gain At Next Decision Step
pe(p) A Posteriori Probability of Gain After Positive Gain Observation
PE@) A Posteriori Probability of Gain After Negative Gain Observation
q°(»)  Probability of Observing Gain Next Observation
“(p) __ Probability of Not Observing Gain Next Observation
Costs
(Normalized)
1.00
0.90 —
0.80 ——
’ 1 Gal<pm>) | T
0.70
0.60 =
0.50 Z
0.40
030 /
(
0.20
0.10 T,
0.00 4+ttt e T
000 010 020 030 040 050 060 070 080 090  1.00
Gain Probability p
Fig. 2. Intersection of decision cost curves.

is not insurmountable; in [20], we outline an efficient ap-
proximation method with user-selected bounded error. If the
model parameters are estimable, then this approximation can
be used. A more difficult problem is that some of the model
parameters are not known in advance, particularly those con-
cerning post-phase-change behavior.

Fig. 3 illustrates the behavior of the optimal decision thresh-
olds as a function of cycle number, for two representative sets
of parameter values (and constant V). It is interesting to note
that the threshold stays relatively constant until the end of
the computation is near. The region where = =1 is a region
where, if we remap, the gain cannot amortize the cost because
there is so little computation left. The relatively constant be-
havior suggests a simple decision heuristic: choose some fixed
7, and remap whenever p, > 7. Clearly, if 7 is chosen to be
approximately equal to mo (approximately the value in the ini-
tial constant region of 7,’s), then this is a good policy over
that region. But, of course, we do not know the value of mg.
We next examine the likely quality of this heuristic in the event
that 7 is not close to 7.

Consider the behavior of p, immediately following a phase
change. The phase change mechanism correctly reports a
change with probability 1 — 8, and incorrectly reports no
change with probability 3. If 3 < 0.5 the tendency will be
for the mechanism to correctly report a change. The ques-
tion is: how many cycles are required before p, exceeds 7,
thereby triggering a remapping? Fig. 4 plots the expected
number of such cycles (established by simulation), as a func-
tion of 7, when @ = 8 = 0.25, and when @ = § = 0.05.
In both cases, we take ¢ = 0.001. Here we see a surprising
degree of insensitivity to 7, provided that 7 is not too large.
This shows that if we can expect a reasonably large num-
ber of cycles to follow a phase change, and if we can avoid
remapping prematurely, the difference between the optimal
response to a change and our heuristic’s response is small.
On the other hand, premature remapping occurs if 7 is small.
Consider a situation where a phase change does not occur for
at least 1000 cycles, and where «, (3, and ¢ have the values
given above. Fig. 5 plots the probability that p, will exceed
7 sometime in those 1000 iterations, thereby triggering a pre-
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mature remapping. When 7 is low there is a high probability
of a premature remapping. As 7 grows, this probability di-
minishes significantly. For 0.7 < 7 < 0.9 we can expect both
fast response to an extant change, and reasonable protection
from premature remapping. It is important to remember that
there is a risk of remapping prematurely under the optimal
policy as well.

The fixed threshold policy heuristic breaks down near the
end of the computation; the optimal policy is to never remap,
while the heuristic will. In situations where the remaining
number of iterations is known, it makes sense to modify the
fixed-threshold heuristic so that remapping is not chosen when
the end is near. A simple mechanism for this exists if we can
estimate the costs eg, eg, D, and the remaining number of
cycles 7. A lower bound on the remaining execution time
given a remapping is 7 -eg + D; an upper bound on the
remaining execution time without a remapping is 7 - ep. We
should not remap if T is so small that this lower bound exceeds
the upper, i.e., if D > T(eg —eg).

Multiple phases are another issue of concern. Derivation of
an optimal policy under these conditions seems daunting, and
in any case, such a policy would not be practical. However,
the data in Figs. 4 and 5 imply that if phases contain suffi-
ciently many cycles, then the heuristic will work well. The key
issues are protection from premature remapping, responsive-
ness to a phase change, and enough postchange cycles before
the next phase so that the cost of remapping can be amortized.

We have tested the fixed threshold heuristic extensively, us-
ing simulations of the analytic model [20]. Those results show
if error probabilities o and 3 are reasonably small, then choos-
ing 7 = 0.7 yields nearly optimal performance. The heuristic
deviates strongly from optimal performance only when its use
prompts a remapping when termination is eminent. The simu-
lations also show that the heuristic’s performance is relatively
insensitive to miss-estimation of ¢, «, and 3. Given our un-
derstanding of what the real issues here are, these results come
as no surprise. However, the true test of the heuristic is its
application to real multiprocessor problems, a topic taken up
in the following section.

V. MULTIPROCESSOR EXPERIMENTS

We implemented our two model problems on the Flex/32
[16] multiprocessor at the NASA Langley Research Center.
The Flex has 20 processors, each having 1 Mbyte of local
memory. All processors have bus access to a 2 Mbyte com-
mon memory. The fluids code was written using a message
passing paradigm. Our intent was to accurately simulate the
costs of a true message passing machine. We developed a
message-passing layer which presents to the user an interface
similar to those presented by operating systems on message-
passing machines. Our code suffers the usual and substantial
costs of packing and unpacking message data, of copying mes-
sages between the user space to the system space, of blocking
on unreceived but anticipated messages. These are the major
costs of message-passing— time on the wire is comparatively
smaller, especially on second gencration message-passing ma-
chines such as the Intel iPSC/2.
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The land-battle simulation was written using a shared mem-
ory paradigm where all processors work out of their local
memories, and use the global memory to simply exchange
data. This technique is commonly used on shared memory ar-
chitectures whose global memory access cost is significantly
larger than that of local memory. This paradigm is especially
important for large-scale parallel architectures using a hier-
archical memory—the access cost increases as the number of
Processors increase.

We will see that dynamic remapping works well on these
two different problems, using two different paradigms. The
technique therefore shows promise. However, the experiments
performed are not extensive, and only two problems were
implemented. One should consequently view the results as
preliminary.

A. Fluids Code Experiments

512 coarse grid points were used, spread across 16 pro-
cessors. Each computation consisted of 400 basic time steps,
leading to 80 decision steps. A computation tended to require
a few minutes of wall clock running time (the best speedup for
this problem size was only about 7; speedup improves by in-
creasing the size of the grid, but increasing the size of the grid
increases the wall clock running time, a scarce resource). The
phase change is forced by changing the boundary conditions at
the point where the fluid enters the domain. Fluid is initially
introduced at a constant rate. To effect a phase change, the
boundary conditions are changed to reflect the introduction of
a sine wave, which will develop into a shock. To vary the tim-
ing of the phase change we vary the point in the computation
where the wave is introduced.

Our experiments compared the performance of the heuris-
tic remapping policy (with 7 = 0.7, and no end of computa-
tion detection mechanism) to the performance of 1) a coarse-
grained partitioning into 16 pieces, 2) a fine-grained parti-
tioning into 64 pieces, and 3) an optimal policy created by
solving for the {=,} using estimated problem parameters. We
find that over a spectrum of scenarios the remapping policy
strongly outperforms either static mapping. The heuristic and
the optimal policy are seen to have nearly identical perfor-
mance.

Our experiments use a coarse grid spacing of h = 0.25,
and a basic time step of At = 0.025. The fluid velocity at a
point is taken to be the fluid density at the point. The fluid
density is initially constant at 5.0 throughout the tube. Enter-
ing wave densities are centered at 5.0, have amplitude 0.25,
have period 8.0, and last for 1.6 units of time. ¢ is taken
to be 1/400, o and § are both taken to be 0.1. The value
for ¢ is chosen to reflect basic nonknowledge of the wave’s
occurrence; the values of o and § heuristically reflect our
experience that the phase detection mechanism is good, but
not perfect. We measured the remapping cost and found it to
be quite low; approximately the time required to perform one
full integration step (which is one-fifth the cycle time).

Fig. 6 plots the relative performance of the static mappings
compared to the remapping heuristic. The horizontal axis plots
the fraction of the computation which elapses before the wave
is introduced, thereby causing a phase change. The vertical
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Relative difference (in percentage) between two static mappings and dynamic remapping of fluids code. Vertical axis is

100 x (T's —T4)/Ta where Ty is static mapping execution time and 7, is dynamic remapping execution time. Horizontal axis is
the fraction of the computation that elapses before the phase change.

axis gives (T's —T4)/T 4, where Ty is the running time under
a static mapping, and T is the running time under dynamic
remapping. For example, a plotted value of 0.5 for some stati-
cally mapped problem means that the static mapping’s running
time is 50 percent worse than that of dynamic remapping for
that same problem.

The time of the phase change strongly affects static mapping
performance. The fine-grained partition suffers from commu-
nication overhead so long as the wave has not yet entered.
Once the wave enters, the coarse-grained partition suffers
from load imbalance. Especially poor performance occurs us-
ing a fine-grained partition throughout a wave-free computa-
tion, or using a coarse-grained partition when the wave enters
almost immediately.

The performance of the optimal policy is virtually indistin-
guishable from the heuristic’s, and so was not plotted. Except
for the rightmost sample point, the optimal policy was less
than 0.1 percent faster than the heuristic (and never slower).
The heuristic’s near optimality supports the same observation
made with the simulation study reported in [20].

B. Land-Battle Simulation

‘We simulate scenarios on a 128 x 128 hex board, with 64
units to a side. The simulations are implemented using eight
processors. The common memory dedicates space for the full
state of each unit, and space for interprocessor control bits. A
processor communicates part or all of a unit’s state to other
processors by modifying the common memory representation,
and setting appropriate control bits.

The initial vertical coordinate of a unit is chosen randomly
from a discretized normal distribution with mean 64 and stan-
dard deviation 16. The time of the phase change is governed
by the initial horizontal placement of units. The control pa-
rameter is S: all units on one side lie in column 64 — S, all
units on the other side lie in column 64 + S. The units from
opposing sides will move toward each other, and the phase
changes when the two sides are close enough to cause signifi-

cant attrition calculations. Therefore, small values of S cause
the phase to change early in the computation, large values
cause it to change later. We varied S between 1 and 16.

Each unit’s speed is chosen uniformly at random in such
a way that a unit requires between 3.25 and 6.5 time steps
to traverse a hex. Each unit can move in one of three direc-
tions: straightforward towards the opposing side, forward and
angling upwards, and forward and angling downwards. The
simulation is run for 60 time steps. A unit moves forward so
long as it perceives no more than three enemy units on hexes
adjacent to it. ¢ is taken to be 1/60, « and § are taken to be
0.1, 7 is 0.7, and we do not use an end of computation pro-
tection mechanism. Again these parameter values are selected
heuristically to reflect observed general tendencies.

The two alternate mappings were chosen so as to opti-
mize performance before the phase change, and after. The
prechange mapping partitions the domain into eight 64 x 32
hex regions; the postchange mapping partitions the domain
into 2'4 1 x 1 regions. The measured remapping cost is again
low; we found it to be roughly equivalent to the time required
by one time step during the combat phase.

A phase change occurs when the two sides are close enough
to cause significant attrition computations. We can control the
point in time where this occurs by adjusting S. As we did
for the fluids computation, we plot in Fig. 7 the relative per-
formance of static mapping compared to dynamic mapping.
The horizontal axis plots 2S, the number of hexes between
the two sides at step 0. Large S corresponds to a long first
phase, small S corresponds to a long second phase. The fixed-
threshold heuristic again performed nearly optimally. In this
case, the parameters required to solve the optimality equations
are particularly difficult to determine. The “‘optimal™ policy
we used in this comparison is simply the unrealistic one of
using, for every time step, the mapping that minimizes the
execution time of that step. While we cannot implement that
policy without remapping costs, we can and did measure the
execution time of each cycle under different mappings. The
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lower bound on the optimal execution is obtained by summing
the minimized execution times at each step.

Like the fluids computation, dynamic remapping is much
better than one of the static mappings when the phase changes
either immediately, or near the end of the computation. Nat-
urally, we could dispense with dynamic remapping altogether
if we knew that the phase would change at one end or the
other of the computation. The important point is that we risk
poor performance if we choose either of these static mappings
without @ prior knowledge of the phase change. One might
argue that we need only examine S in these experiments to ac-
quire this @ priori knowledge. In general, one cannot depend
on such a simple analysis, because more realistic simulations
allow interactive users to unpredictably control movement and
engagement. Another option is to choose a static mapping that
is suboptimal in both phases, but which does not fail miser-
ably in either. The chief difficulty is that we may not be able
to construct in advance a mapping that achieves an acceptable
compromise. By contrast, dynamic remapping exploits our a
priori understanding of extreme coarse and fine-grained par-
titions, even if we cannot a priori predict performance mea-
sures.

C. Discussion of Results

In view of the limited extent of these experiments, and
the computing community’s general suspicion that overheads
should render dynamic remapping useless, it is helpful to re-
flect on the reasons remapping seems to work and whether it
will continue to work on larger problems and machines.

A point in the favor of remapping’s robustness is the fact
that the test mechanisms used by the model problems do
not accurately quantify postremapping performance. For both
problems, the same mechanisms were used without modifica-
tion on a number of instances whose computation and com-
munication intensities differ from those presented. Remapping
consistently yielded good performance gains. For the prob-
lems considered here, the fact that there is gain is enough

to achieve that gain. While this may seen counterintuitive at
first, it makes sense in light of the key problem parameters:
G = eg — ep (the per-cycle performance gain from remap-
ping), D (the remapping cost), and T (the expected number of
cycles for the second phase). Fig. 8 illustrates an envelope re-
lating G - T and D. At the envelope’s edge, we have scenarios
where the remapping costs are just barely amortized by remap-
ping gains. As one gets deeper into the envelope, remapping
becomes relatively more effective, and there is much more
room to deviate from the optimal policy and still get signifi-
cant performance gains. The decision policy works well inside
the envelope— it is not necessary to know precisely where the
problem is inside the envelope, only that the problem is in-
side the envelope, so that responsible remapping is safe, and
effective. :

The statistical updating of p, also plays an important role in
achieving good performance. Our experience with both codes
shows that false alarms from the testing mechanism occur
often enough to make them a potential problem. If we were
to remap whenever the mechanism said a phase had changed,
we would often be premature. The Bayesian updating of p,
combined with a reasonably high decision threshold provides
good protection against premature remapping.

Another important performance factor is that the length of
time between a phase change and program termination was
generally long enough to amortize the cost of remapping. The
heuristic should work equally well on computations with more
than one phase, provided that the average time between phase
changes is long enough and the remapping gain is large enough
to amortize the overhead costs. If phase durations are too
short, dynamic remapping will degrade performance.

The performance differential between dynamic and static
mapping relies on the ability of a ‘““wrong” static mapping
to seriously degrade overall performance. This need not al-
ways be the case, e.g., a code where the computation phase
contributes far more to the overall running time than the com-
munication phase. Dynamic remapping can still be expected to
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perform well, it may just be that it does not perform notably
better than a static mapping optimized for the computation
phase.

The relatively low cost of remapping is a strong contribut-
ing factor to good performance—it places the problem deep
inside of the envelope described by Fig. 8. We were at first
surprised by this low cost; our expectations were that remap-
ping would be quite expensive. Upon reflection though, one
sees that this need not be the case. Indeed, on the computa-
tions most suitable for parallel computation it is not the case.
The fundamental cost of remapping is the communication of
data states. Communication (even in message passing scenar-
ios) is essentially just copying information. Parallel computa-
tion is best suited for data parallel problems where the cost
of computing a new data state is much larger than the cost
of communicating that state, e.g., at'a partition boundary.
As the relative cost of computing a new data state increases,
remapping becomes comparatively less expensive, and more
important, in order to avoid load imbalance.

One might disregard our empirical experiments on the
grounds that the problems considered are small, and that
remapping costs will increase with larger problems and ar-
chitectures. However, it is not difficult to see that the relative
cost of remapping scales up. To facilitate this result we make
the following definitions. Let P be the number of processors,
and let L be the number of domain points. Let ¢, be the time
required to update the state of one point, during one cycle;
let ¢, be the cost of remapping one point from one proces-
sor to another; let b, be the number of cycles between two
remappings. The cost of executing b, cycles on a serial ma-
chine is taken to be L - ¢, - b,. The parallel machine cost is
affected by load imbalance, and by the remapping cost. To
model load imbalance and communication inefficiencies, we
define the parallel efficiency function e(L, P). The time re-
quired to perform one step on L points, using P processors
is taken to be L -c,/(e(L, P) - P). A value of e(L, P) =1
implies perfect load balance and no degradation due to com-
munication; overheads are modeled by decreasing e(L, P).

We make the reasonable assumption that e(L, P) does not de-
crease as L increases when P is fixed (indeed, for a fixed
number of processors one expects it to increase [23]). On
architectures with sufficiently rich communication topologies,
one can overlap the remapping communication. We model this
by defining the fraction 4 to be such that the time required to
remapis & - L - c,; h = 1 implies complete serialization of the
remapping communication, # = 1/P implies complete paral-
lelization. Using these notions, the speedup measured between
two remappings is

b, L -cy
b, L .c,
e(L,P)-P

Speedup

+h-L-c,

Here we see that for fixed P, the speedup depends on L only
in the term e(L, P). Since e(L, P) does not decrease as L
increases, we see that as L grows, the speedup does not de-
crease due to increasing remapping costs, even if those costs
are completely serial. Consequently, remapping costs scale in
the problem size, when the number of processors is fixed.
The behavior as both L and P increase is also of interest. A
reasonable choice of A is # = (log P)/P; for example, this is
achieved by implementing remapping using a crystal routing
[12] that moves all L points in parallel log P times. In this
case, speedup can be written as

P
Speedup = T o lgP

e(L, P) brey
Speedup will increase as L and P are simultaneously increased
provided that e(L, P) does not decrease too rapidly. Note that

e(L, P) depends entirely on the problem and architecture.
Consequently, dynamic remapping does not hinder a natural
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tendency of a computation to get better speedups as it is scaled
up.

The data reported here are not an exhaustive performance
study of dynamic remapping, although extensive testing of a
simulation model [20] supports our conclusions. Rather, the
data we present should be taken as confirmation of the obser-
vations we have made, and of the utility of dynamic remap-
ping. Much more work is needed before the user of a general
parallel code can intelligently determine whether his code ben-
efits from remapping, and what form that remapping should
take.

VI. CONCLUSIONS

An effective mapping of workload to processors in a par-
allel processing system must make certain assumptions about
the computation’s running behavior. The behavior of many
data parallel computations is characterized as a sequence of
phases, where behavior within a phase is fairly stable, but the
behavior between two phases can be quite different. A map-
ping can become ineffective when a phase change occurs, so
that dynamically remapping the computation may be required
to maintain good performance. The decision to remap must
take into account the performance gains and costs involved,
and must deal with uncertainty in remapping gains, the com-
putation’s future behavior, and the computation’s termination
time. We have modeled this decision problem with a Markov
decision process, and determined the structure of the optimal
decision policy. However, precalculation of this policy re-
quires estimation of unknown parameter values. We therefore
studied the performance of a simple threshold heuristic that
does not assume knowledge of remapping’s cost and gains.
A study on two diverse multiprocessor codes shows that this
heuristic works well, and shows that precise estimates of these
parameters are not needed. The key issue for the remapping
decision problem is thus seen to be the relatively accurate as-
sessment of when remapping will lead to performance gains.

There are certainly limitations to the approach we have
taken here. To use our policy it is necessary to have enough
fore-knowledge of the computation to be able to write code
that dynamically analyzes behavior and looks for remapping
gain. Our model problems allowed fairly simple test mech-
anisms; more complex problems may require more complex
analysis, which will tend to be application dependent. Never-
theless, there will always be codes that people agonize over in
order to get the best possible performance; when those codes
have unpredictable phase-like behavior our approach can sig-
nificantly improve performance.

APPENDIX

In this Appendix, we prove Lemma 1 from Section IV.

Proof of Lemma 1: We use the notation g((p, n)|N = m)
to denote the value of function g at state (p, n) given that
N = m. We will also say that a function g is plcc if it is
piecewise linear, continuous, and concave.

Lemma 1’s first claim follows immediately from
C »({p, n))’s definition. The second claim is that for every #,
C »({p, n)) is a plcc function of p. We employ the following
lemma reported in [25] and stated in terms of our notation.
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Lemma A-I: Suppose that N =m. If V((p, n +1)|N =
m) is a plcc function of p, then E,({p, n){N = m) is a plcc
function of p. ]

First condition on N = m for some m. We will inductively
prove that V({p, n)|N = m) and C,({p, n)|M = m) are plcc
functions of p. For n > m we have V({p, n)) = C ({p, n)) =
0, which is trivially plcc. For the induction base let n = m.
Then

C({p, m)IN = m)=peg + (1 — pler+ E,({p, m)|N = m)
= peg + (1 — per,

showing that C ,((p, m)|N = m) is picc. C ,({p, m)|N =
m) is also plcc since it is linear. The class of plcc func-
tions is closed under the pointwise minimum operation;
V({p, m)[N = m) must also be plcc, establishing the in-
duction base.

For the induction hypothesis we suppose that both
C.({p,n+ 1)IN =m) and V({p, n + 1)|N = m) are plcc
functions of p for some n < m — 1. Lemma A-1, and the clo-
sure of plcc functions under addition and pointwise minimum
again ensure that C,({p, n)) and V({p, n)) are plcc functions
of p, completing the induction.

To complete the proof, we note that the class of plcc func-
tions is also closed under scalar multiplication, and observe
that V((p, n)) = E[V({p, n)[N = m)) and C(({p, n)) =
E[C;({p, n)]N = m)] are finite weighted sums of known
plce functions.

To help establish Lemma 1’s third and fourth claims, we
analyze the values of C,,({p, n}) and C,({p, n)) at p = 1.
Key results are given by Lemma A-2.

Lemma A-2: Either

i) V({1, n)) = C n({1, n)) for all n for which Prob {N =
n}s#0; or

i) V({(1, n)) = C((1, n)) for all n for which Prob {N =
n}#0; or

iii) There exists an 7y (possibly oo) such that for all
n<ng, V{1, n)) = Cn({1, n)), and for all n > ny for
which Prob {N = n}#0, V({1, n)) = C ({1, n)).

Proof: Condition on N =m < M. Let K be the largest
integer such that (eg —eg) - K < D. Simple algebra (omitted
here) establishes the inductive proof that for all # such that
m—K <n<m,

V((1, n)IN =m)=C ({1, n)IN =m) = (m —n + leg;
and that for 0 <n <m — K,
V((L, n)IN =m) = C w({1, B)|N = m)
=D+ (m—n+1ler
and
C (1, M)|N =m) =ep +D + (m — n)ex.

Define d(n|N = m) = C ({1, n)]N = m) —C ({1, n)|N =
m), and d(n) = C ({1, n)) — C ({1, n)). Then
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d(n|N = m)
D forn >m

=¢ D—(ep—er) - im—n+1) form—-K<n<m

(er —ep) forn<m-K.

By the definition of K, d(n|N = m) is an increasing function
of n. Consequently d(n) increases in n, since

M
d(n+1)—d(n) = Prob{N =m}
m=1

Ad(n + 1|N =m) —d(n|N = m)) >0.

Case i) occurs if d(n) is negative for all n, case ii) occurs if
d(n) is positive for all n, and case iii) occurs if d(n) changes
sign at n = ny. O

To establish Lemma 1’s third claim we will show
that C,({p, n)) is linear in p whenever n > no. Since
C m((-, n)) is always linear, and C,((0, n)) < C ({0, n))
for all n, and C,((1, n)) <C ({1, n)) when n > ng, it
follows directly that C; and C,, cannot intersect, so that
C({p, n)) <C m({p, n)) for all p €0, 1].

Lemma A-3: If n > nyg, then C,((p, n)) is linear in p,
and V({p, n)) = C({(p, n)) for all p € [0, 1].

Proof: We proceed by induction. Note first that

D + per +(1 — pler
V((p, M)) =Prob{N =M} -min
pep + (1 — pler.

Presuming that nyp < M, we have C ({1, M)) < C ({1, M))
and C,((0, M)) < C ,»((0, M)), so that
V({p, M)) =Prob{N = M}C ,({p, M))
= Prob {N = M}(pep + (1 — p)er)

which is linear in p. The induction base is thus satisfied.

For the induction hypothesis, we suppose there is an n > ng
such that V({p, n + 1)) = C,({p, n + 1)) for all p € [0, 1],
and that C,({p, n + 1)) is linear in p. We know that

C:({p, n)) =Prob {N > n}(p -ep + (1 — per) + q°(p)
VW), n+1)) +q°(p) - V((pE(p), n + 1)),

and the induction hypothesis states that

Viip,n+1)=A-p+B

for some A and B. Since p°(p) = p.(p)(1 — B)/g°(p) and
PE(p) = Pa(P)B/G°(p), it follows that

C.({p,n)) =pep+(1 —pler +Ap.(p)+B

which is linear in p. Since C ,((p, n)) and C ,({p, n)) can-
not intersect it follows directly that C ({p, n)) exceeds
C({p, n)) for all p € [0, 1]. Thus, V({p, n)) =C {((p, n)),

completing the induction. O
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