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How big should a task be?
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How big should a task be?

• Small enough to get parallelism to feed all processing units

• Large enough to efficiently use the processing units
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How big should a task be?

0 200 400 600 800 1000 1200 1400 1600 1800
Matrix Size (N)

101

102

103

Pe
rf

or
m

an
ce

 (G
flo

p/
s)

CPU Saturation

GPU Saturation C2070

GPU Saturation K40c

cuBLAS SGEMM K40c
cuBLAS SGEMM C2070
8 Core CPU MKL SGEMM

Figure 1. Performance of compute kernels on CPU and GPU depending
on problem granularity

Kernels are executed on CPU cores or GPUs depending on
their performance profl e and the occupancy on the target
execution unit. Some kernels experience a huge performance
boost when executed on an accelerator, while some experi-
ence a mild speedup and are better kept executing on CPU
cores. Some can be scheduled eff ciently on either the CPU
or GPU, and ideally the decision is then taken based on
online load balance between the CPU and GPU units.
Compared with CPU cores, a GPU has many more

lightweight computing units; GPU kernels reach their op-
timal eff ciency for larger tile sizes, as they need to dispatch
computation on many individual units to keep the occupancy
high. On the other hand, CPU cores often reach good
eff ciency for moderate or small tile sizes. Figure 1 shows
the different optimal tile sizes for the SGEMM (real single
precision general matrix-matrix multiplication) kernel, on
different environments. Intel MKL SGEMM, running on 8
cores of an Intel Nehalem Xeon E5520 CPU, reaches its
peak performance starting from tile sizes larger than 200;
while in cuBLAS SGEMM, the optimal tile size is larger
than 1000 on a Fermi C2070, and larger than 1500 on a
Kepler K40c. As a consequence, in a heterogeneous envi-
ronment, selecting the proper tile size becomes a dilemma:

• If using the CPU optimal tile size, GPU kernels are
not able to fully utilize the computing resources of the
GPU since the small problem size cannot eff ciently
span over all GPU execution units.

• If using the GPU optimal tile size, given a certain
matrix size N, the amount of exploitable parallelism
is limited by the number of tiles, directly depending on
the tile size (N/B). Thereby, for a f xed size problem,
increasing the tile size proportionally decreases the
parallelism. Furthermore, certain kernels (especially
memory bound kernels) are less eff cient than their
functionally equivalent decomposition into smaller but
more compute bound kernels. Executing these large
kernels is thereby adding synchronous choke points that
delay the execution of other dependent kernels, further
decreasing the occupancy of all compute resources.

Our previous work employed a middle ground solution [9]
by selecting an intermediate tile size, larger than the CPU
optimal, but smaller than the GPU optimal. Clearly, this
tradeoff solution fails to maximize the computing resource

usage for both the CPU and GPU. To address this issue, we
propose here a new solution called “hierarchical DAG”, in
which the tile size decomposition varies depending on the
target unit executing the kernel, a decision taken dynamically
based on the available parallelism.

B. The Hierarchical DAG Approach
The hierarchical method described below can be general-

ized to any number of hierarchies, but for the sake of the
explanation we will consider a two levels hierarchy, GPU
and CPU. Let the optimal tile size for a GPU be B, and
the one for a CPU be a smaller tile size b. First, the input
matrix is divided into NT × NT tiles of size B × B, and
the linear algebra algorithm is represented by a DAG whose
task granularity is B. At the top level, all kernels in the
DAG operate on large tiles, and the corresponding tasks are
pushed into scheduling queues. When retrieving these tasks
from the scheduling queues, a decision algorithm (described
in Algorithm 1) is executed. Ifi t is a GPU kernel, then it can
be executed directly by calling the GPU kernel functions (as
a cuBLAS function). If the kernel needs to be scheduled on
a CPU core (because the kernel does not map well on GPU,
or because GPUs are overloaded with pending work), then,
the CPU kernel is called only if the granularity is bellow
b. Otherwise instead of calling the CPU kernel functions
directly on the large tile, the task is decomposed into a f ner
granularity DAG operating on the smaller tiles of size b.

Algor ithm 1 Generic TASK X( A ) code in the “hierarchical
DAG” approach. (b:small tile size)
if OnGPU ||((nbrows(A) < b)||(nbcols(A) < b)) then

ComputeTaskX( A ) // by calling kernel function
ReleaseDeps( Task X, A )

else
o = CreateDAG( Task X, A,

ReleaseDeps( Task X, A ) )
Submit(o)

end if

When a large grain task is scheduled onto a CPU, the
“hierarchical DAG” capable runtime decomposes the CPU
workload into a f ner grain parallelism that is more adequate
for this type of execution units. The creation of the metadata
representing the f ne grain DAG happens online; no pre-
processing or static decomposition is required. The runtime
engine creates a local data descriptor, a different view of
the input submatrix representing the large tile divided into
smaller tiles. A new DAG is created to represent the f ne
grain decomposition of the task’s algorithm applied on these
smaller tiles. Tasks operating on large tiles that are scheduled
for execution on the CPU are divided into f ner grain tasks
operating on nt× nt tiles of size b (B = nt× b); the shape of
the resulting multi-level graph for the Cholesky factorization
is presented in Figure 2. These f ne grain tasks are pushed

From PARSEC : « Hierarchical DAG Scheduling for Hybrid Distributed Systems »,
Wu, Bouteiller, Bosilca, Faverge, Dongarra
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How big should a task be?

GPUs

• Have thousands of cores to feed

• Newer generations require yet larger sizes

• Can run several kernels at the same time
• Still limited
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How big should a task be?

CPUs

• Have many independent cores

→ Need many tasks

• Can use parallel implementations (e.g. from MKL)
• But better have subtasks to interleave them
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How big should a task be?

Multiple answers

• Depends on available platform parallelism

• Depends on available application parallelism

• Depends on application phases

Automatically adapt?
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Recursive task graphs
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Recursive task graphs

Applications themselves are recursive

• e.g. h-matrices

From Airbus Group
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Recursive task graphs
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Recursive task graphs

Ideally, should just start with one huge task, and split
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Dividing tasks

No extra synchronization

→ Can consider task graph subdivision as a tree

POTRF

Recursion
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POTRF TRSM SYRK POTRF

Recursion
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Dividing tasks

No extra synchronization

→ Can consider task graph subdivision as a tree

SYRK

POTRF

POTRF TRSM SYRK POTRF

POTRF TRSM POTRF TRSM TRSM TRSMGEMM TRSMGEMM

Recursion
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Dividing tasks

No extra synchronization

→ Can consider task graph subdivision as a tree

→ Decide at will where and when to stop recursing
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Opportunities

GPU / CPU efficiency management

• Stop recursing at desired tile size
• Keep large tasks for GPUs, small tasks for CPUs

• Care for latency of the task-graph critical path

GPU

CPU
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Opportunities

Delay unrolling

• Observe behavior before unrolling the rest accordingly

• Decorrelate submission and execution
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Recursive task graphs

[Lucas’23]

• Made Recursive task graphs work
• With STF etc.
• With no spurious dependency

• Ideally, Cholesky boils down to
• int main(void) { potrf(A); }
• And the runtime splits into tasks recursively

• Now : When? How many? How? Which?

https://starpu.gitlabpages.inria.fr/


 https://starpu.gitlabpages.inria.fr/

337

Recursive task graphs

When?

• Better wait a bit to see how things behave?

• In Cholesky case
• Beginning: better not split too much

→ Efficiency
• End: better split more

→ Parallelism
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Recursive task graphs

How many?

• GPUs? Better not split too much

• CPUs? Better split

• Priority? Better split

• ...
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Recursive task graphs

Which?

• Depends on split efficiency
• Splitting may lower GFlop/s achieved by tasks
• But also exposes slack

– E.g. mix POTRF subtasks with other subtasks

• Depends on priority
• Better split tasks on the critical path

→ Reduce latency
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Recursive task graphs

When: at which scheduling stage?

• Runtime information

• Still parallel submission

app wait
dependencies scheduler data transfer

data fetching workersubmission reg. task queue execute

splitter

re
c.
ta
sk

re
c.
ta
sk

re
g.

ta
sk

subDAG submission

rec. task
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Complex problem
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Complex problem

I’m a system guy
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Complex problem

I’m a system guy

• Let’s try simple solutions, at runtime
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Complex problem

I’m a system guy

• Let’s try simple solutions, at runtime

• Hoping to inspire you into complex solutions

3 simple solutions presented here
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First results : heterogeneous

[Morin’25]

Consider acceleration and parallelism availability

• Big tiles for GPUs

• Small tiles for CPUs

• Find a balance between the two
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First results : heterogeneous

[Morin’25]

Consider acceleration and parallelism availability

• Big tiles for GPUs

• Small tiles for CPUs

• Find a balance between the two

Run a linear program every 50 tasks (takes < 1ms)

• Optimizes splitting ratios per task type and recursion level

• Ratios serve as splitting guide
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First results : heterogeneous
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First results : heterogeneous
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First results : heterogeneous

Cholesky factorization

• 2x32 core AMD Zen3 EPYC 7513 @ 2.6GHz

• 2x NVIDIA A100

• Scheduler : Deque Model Data-Aware Ready (DMDAR, HEFT)≃

• Tile sizes

• « big » : 3840, the most efficient

• « small » : 480, parallelism, for CPU cores

• « medium » : 1920, 2560, trade-off
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First results : heterogeneous Cholesky
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First results : heterogeneous Cholesky
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First results : heterogeneous Cholesky
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First results : heterogeneous LU
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First results : heterogeneous
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First results : heterogeneous
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First results : heterogeneous

Linear Program

• Generic, automatic

• Requires performance models

but

• Not very reactive to new situation

• Doesn’t take data transfers into account

• Global view, hard to turn into local action
• Splitting ratios
• Sometimes uses too much CPU time

• Not really intuitive behavior
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Mid results : more greedy approach

[Morin’26]

Why splitting?

• Decrease GPU use for non-really-GPU-efficient tasks

• Occupy CPU cores
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Mid results : more greedy approach

Recursive performance model : for each possible subDAG, record

• Global finish time

• Sequential GPU time

• Average # of CPU cores used

and prune symmetries

→ Splitting Profiles

Example on GEMM with 2 GPUs:
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Mid results : more greedy approach

Greedy scheduler : GASPP
• Keeps ready tasks ordered by CPU/GPU acceleration
• Records how many CPUs are idle

When scheduler asks for a task,
• Pick up the least-accelerated task
• Look for best splitting profile that

• Can fit the idle CPUs
• Allows to terminate earlier than on GPU
• Offloads the most work from GPU
• I.e. safe offload bet

• If none, pick up instead the most-accelerated task
• Will go on GPU
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Mid results : heterogeneous Cholesky

https://starpu.gitlabpages.inria.fr/


 https://starpu.gitlabpages.inria.fr/

376

Mid results : heterogeneous Cholesky

https://starpu.gitlabpages.inria.fr/


 https://starpu.gitlabpages.inria.fr/

377

Mid results : heterogeneous Cholesky
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Mid results : heterogeneous LU
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Mid results : heterogeneous

Cholesky Inversion (dpotri) Cholesky Inversion (dpoinv)

Cholesky Factorization (dpotrf) LU Factorization (dgetrf) Cholesky Solve (dposv)
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Mid results : heterogeneous
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Current results : local/global view?

Good results asymptotically

Could be better for smaller matrices

• Not enough parallelism to occupy GPUs

• Should split a bit for GPUs too!
• When starvation comes
• How to evaluate starvation?
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Current results : local/global view?

Good results asymptotically

Could be better for smaller matrices

• Not enough parallelism to occupy GPUs

• Should split a bit for GPUs too!
• When starvation comes
• How to evaluate starvation?

• Looking at « upward time » / « bottom level »
• Duration of the critical path from considered task
• With affine for loops etc., seems computable with polyhedral model
• If higher than the remaining work, starvation is probable
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Current results : global view?
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Current results : global view?
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Current results : global view?

Estimating available parallelism :

• work_time_left / critical_path_time(T)

• If less than number of GPUs, we should split T
• To reduce critical path time
• And create parallelism

For GPUs, can add data transfer time of T in critical path time
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Current results : global view? CPUs
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Current results : global view? GPUs
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Conclusion

Recursive tasks

• A promising tool to steer granularity

Scheduling approaches

• Linear Program to get global view

• Greedy with local view, using Splitting profiles

• Greedy with global view using bottom level

How much global view are we willing to spend time looking at?
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Perspectives

• Try with more irregular graphs

• Compute bottom levels with polyhedral model

• Scaling over MPI
• Leverage recursivity for automatic pruning
• Promising results with partial-pivoting LU
• Hierarchical Load-balancing?
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