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I. Introduction
• Rapid sequencing of individuals 

enables representation of multiple 
observed haplotypes, catalog 
genetic diversity


• Led to graph representations 
(genome graphs) instead of a linear 
representation (string) to reduce 
reference bias and increase accuracy


• Variation graphs: a subclass that 
captures variations among 
individuals within a species or a 
target population 
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starting positions are in !i" aþ 1; i$. For each variant position, we
associate two events with coordinates starti ¼ maxf0; i" aþ 1g
and endi¼ i, respectively. Assuming that the n SNP coordinates are
given as sorted array, the corresponding 2n events can be sorted in
O(n) time. When two events have equal coordinates, the start event
type should be placed earlier than the end event type in the sorted
order.

Our greedy algorithm works as follows. Begin by placing an a-
long segment at position 0, and remove variants in the left-most d
variant positions and retain the rest (if any). Keep a count of the num-
ber of positions within the current segment at which variants are
removed. Iteratively consider each event in the sorted order. If the
event is of type starti and the count is less than d, the variants at pos-
ition i are removed and the count is incremented by one. If the event is
of type starti but the count is equal to d, the variants at position i are
retained. If the event is of type endi and the variants at i were previ-
ously removed, the count is decremented by 1. As can be seen, the al-
gorithm maintains ða; dÞh-compatibility and runs in O(n) time.

Proof of optimality: Suppose the greedy algorithm retains var-
iants at coordinates g1; g2; . . . ; gp in ascending order. Let
o1;o2; . . . ; oq be the ordered variant coordinates retained by an opti-
mal solution. Let k be the first position where the solutions differ,
i.e. gj¼oj for j<k and gk 6¼ ok. Due to our greedy strategy, ok< gk.
Though ok was chosen by the optimal algorithm, ða; dÞh-compatibil-
ity is not violated until start event for gk is reached. For any path
starting at a later coordinate, retaining variants at gk offers the same
benefit as retaining at ok. Thus, replacing ok with gk will maintain
optimality and ða; dÞh-compatibility. Hence, the greedy solution is
also optimal.

Lemma 1.: The above greedy algorithm solves Problem 1 in O(n) time.

3.1.2 A linear programming solution to Problem 2
Here, we seek to minimize the total number of variants retained.
Interestingly, we can show that optimal solutions still retain or re-
move all variants at a coordinate.

Lemma 2.An optimal solution to Problem 2 either retains or removes all

variants at a coordinate.

Proof. By contradiction. Suppose there exists an optimal reduced graph

G0 with partially removed variants at coordinate i. Coordinate i already

induces an error in some a-long paths in G that contain the coordinate.

Accordingly, removal of all variants at coordinate i can be tolerated by

all a-long paths containing that coordinate, further implying that graph

G0 must be suboptimal. h

Suppose we choose to remove all variants at coordinate i, then
this choice reduces the overall count of variants by outðviÞ " 1,
where outðviÞ is the out-degree of vertex vi. As can be seen, Problem
2 is harder than Problem 1 because the number of variants at differ-
ent coordinates can be different, leading to variable gains. We ad-
dress this problem by using an Integer Linear Programming (ILP)
system that is polynomially solvable using LP relaxation.

Let p1; p2; . . . ; pn be the n variant coordinates in G in ascending
order. Let X be an n( 1 Boolean column vector where X!i$ ¼ 1 iff
variants are removed at coordinate pi in creating G0. Let C be an-
other n( 1 column vector where C!i$ ¼ outðvpi Þ " 1, i.e. the reduc-
tion achieved in variant count by removing variants at pi. The goal
is to maximize CTX. Next, we specify constraints to ensure ða; dÞh-
compatibility of graph G0, by not allowing removal of variants at >
d coordinates in any a-long segment. Similar to the observation
made while addressing Problem 1, it suffices to check this constraint
only in the subset of a-sized segments that end at the n variants.
Accordingly, let A be a Boolean n(n matrix such that A!i$!j$ ¼ 1 iff
coordinate pj is within the a-sized segment range ðpi " a;pi$ of co-
ordinate pi. Then, ILP constraints required to ensure ða; dÞh-com-
patibility of G0 can be specified as A )X * B, where B is an n( 1
column vector with each value ¼ d. We also need to ensure that the
X!i$’s are Boolean. This can be achieved by expanding A to a 2n( n
matrix with the bottom n rows being the n(n identity matrix, and
similarly expanding B to a 2n( 1 vector with the bottom n entries
set to 1. Now, maximizing CTX while satisfying A )X * B leads to
an optimal reduced graph G0 that is ða; dÞh-compatible.

Run-time complexity: Matrix A exhibits a special structure that
guarantees integral optimal LP solutions. Observe that A is a 0–1
matrix, and the 1’s appear consecutively in each row of A which
makes it an interval matrix (Fulkerson and Gross, 1965). As a result,
the above ILP can be solved in polynomial time by solving the corre-
sponding LP, which has OðnxÞ run-time complexity where x is the
exponent of matrix multiplication (van den Brand, 2020).

Lemma 3. The above LP-based algorithm solves Problem 2 in OðnxÞ
time.

Fig. 1. An example to illustrate construction of variation graph from three haplotype sequences

(a) (b)

Fig. 2. (a) Execution of the greedy algorithm on an example variation graph containing SNPs only. The black horizontal bar represents an a-long segment corresponding to
a¼4 and solid circles represent variant coordinates p1; p2; p3 and p4. In the current iteration, variant loci p4 is being retained by the greedy algorithm to avoid exceeding the
error-threshold d¼2. (b) Execution of the LP algorithm on the same variation graph. LP constraints are shown to maximize the count of variants that can be removed from
the variation graph without exceeding the error-threshold d. Edge labels are not shown as they do not affect the execution of either algorithm
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starting positions are in !i" aþ 1; i$. For each variant position, we
associate two events with coordinates starti ¼ maxf0; i" aþ 1g
and endi¼ i, respectively. Assuming that the n SNP coordinates are
given as sorted array, the corresponding 2n events can be sorted in
O(n) time. When two events have equal coordinates, the start event
type should be placed earlier than the end event type in the sorted
order.

Our greedy algorithm works as follows. Begin by placing an a-
long segment at position 0, and remove variants in the left-most d
variant positions and retain the rest (if any). Keep a count of the num-
ber of positions within the current segment at which variants are
removed. Iteratively consider each event in the sorted order. If the
event is of type starti and the count is less than d, the variants at pos-
ition i are removed and the count is incremented by one. If the event is
of type starti but the count is equal to d, the variants at position i are
retained. If the event is of type endi and the variants at i were previ-
ously removed, the count is decremented by 1. As can be seen, the al-
gorithm maintains ða; dÞh-compatibility and runs in O(n) time.

Proof of optimality: Suppose the greedy algorithm retains var-
iants at coordinates g1; g2; . . . ; gp in ascending order. Let
o1;o2; . . . ; oq be the ordered variant coordinates retained by an opti-
mal solution. Let k be the first position where the solutions differ,
i.e. gj¼oj for j<k and gk 6¼ ok. Due to our greedy strategy, ok< gk.
Though ok was chosen by the optimal algorithm, ða; dÞh-compatibil-
ity is not violated until start event for gk is reached. For any path
starting at a later coordinate, retaining variants at gk offers the same
benefit as retaining at ok. Thus, replacing ok with gk will maintain
optimality and ða; dÞh-compatibility. Hence, the greedy solution is
also optimal.

Lemma 1.: The above greedy algorithm solves Problem 1 in O(n) time.

3.1.2 A linear programming solution to Problem 2
Here, we seek to minimize the total number of variants retained.
Interestingly, we can show that optimal solutions still retain or re-
move all variants at a coordinate.

Lemma 2.An optimal solution to Problem 2 either retains or removes all

variants at a coordinate.

Proof. By contradiction. Suppose there exists an optimal reduced graph

G0 with partially removed variants at coordinate i. Coordinate i already

induces an error in some a-long paths in G that contain the coordinate.

Accordingly, removal of all variants at coordinate i can be tolerated by

all a-long paths containing that coordinate, further implying that graph

G0 must be suboptimal. h

Suppose we choose to remove all variants at coordinate i, then
this choice reduces the overall count of variants by outðviÞ " 1,
where outðviÞ is the out-degree of vertex vi. As can be seen, Problem
2 is harder than Problem 1 because the number of variants at differ-
ent coordinates can be different, leading to variable gains. We ad-
dress this problem by using an Integer Linear Programming (ILP)
system that is polynomially solvable using LP relaxation.

Let p1; p2; . . . ; pn be the n variant coordinates in G in ascending
order. Let X be an n( 1 Boolean column vector where X!i$ ¼ 1 iff
variants are removed at coordinate pi in creating G0. Let C be an-
other n( 1 column vector where C!i$ ¼ outðvpi Þ " 1, i.e. the reduc-
tion achieved in variant count by removing variants at pi. The goal
is to maximize CTX. Next, we specify constraints to ensure ða; dÞh-
compatibility of graph G0, by not allowing removal of variants at >
d coordinates in any a-long segment. Similar to the observation
made while addressing Problem 1, it suffices to check this constraint
only in the subset of a-sized segments that end at the n variants.
Accordingly, let A be a Boolean n(n matrix such that A!i$!j$ ¼ 1 iff
coordinate pj is within the a-sized segment range ðpi " a;pi$ of co-
ordinate pi. Then, ILP constraints required to ensure ða; dÞh-com-
patibility of G0 can be specified as A )X * B, where B is an n( 1
column vector with each value ¼ d. We also need to ensure that the
X!i$’s are Boolean. This can be achieved by expanding A to a 2n( n
matrix with the bottom n rows being the n(n identity matrix, and
similarly expanding B to a 2n( 1 vector with the bottom n entries
set to 1. Now, maximizing CTX while satisfying A )X * B leads to
an optimal reduced graph G0 that is ða; dÞh-compatible.

Run-time complexity: Matrix A exhibits a special structure that
guarantees integral optimal LP solutions. Observe that A is a 0–1
matrix, and the 1’s appear consecutively in each row of A which
makes it an interval matrix (Fulkerson and Gross, 1965). As a result,
the above ILP can be solved in polynomial time by solving the corre-
sponding LP, which has OðnxÞ run-time complexity where x is the
exponent of matrix multiplication (van den Brand, 2020).

Lemma 3. The above LP-based algorithm solves Problem 2 in OðnxÞ
time.

Fig. 1. An example to illustrate construction of variation graph from three haplotype sequences

(a) (b)

Fig. 2. (a) Execution of the greedy algorithm on an example variation graph containing SNPs only. The black horizontal bar represents an a-long segment corresponding to
a¼4 and solid circles represent variant coordinates p1; p2; p3 and p4. In the current iteration, variant loci p4 is being retained by the greedy algorithm to avoid exceeding the
error-threshold d¼2. (b) Execution of the LP algorithm on the same variation graph. LP constraints are shown to maximize the count of variants that can be removed from
the variation graph without exceeding the error-threshold d. Edge labels are not shown as they do not affect the execution of either algorithm
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I-Introduction: The variant selection problem

• Combinatorial explosion: paths from two different haplotypes can be 
stitched together


- yielding haplotypes that were not observed: diminishing returns and 
decline in accuracy as more and more variants are incorporated 


- sequence-to-graph alignement become costlier (with increased 
complexity of the graphs) 


• Need to take/represent only a subset of known variations into account

➡The variant selection problem 
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starting positions are in !i" aþ 1; i$. For each variant position, we
associate two events with coordinates starti ¼ maxf0; i" aþ 1g
and endi¼ i, respectively. Assuming that the n SNP coordinates are
given as sorted array, the corresponding 2n events can be sorted in
O(n) time. When two events have equal coordinates, the start event
type should be placed earlier than the end event type in the sorted
order.

Our greedy algorithm works as follows. Begin by placing an a-
long segment at position 0, and remove variants in the left-most d
variant positions and retain the rest (if any). Keep a count of the num-
ber of positions within the current segment at which variants are
removed. Iteratively consider each event in the sorted order. If the
event is of type starti and the count is less than d, the variants at pos-
ition i are removed and the count is incremented by one. If the event is
of type starti but the count is equal to d, the variants at position i are
retained. If the event is of type endi and the variants at i were previ-
ously removed, the count is decremented by 1. As can be seen, the al-
gorithm maintains ða; dÞh-compatibility and runs in O(n) time.

Proof of optimality: Suppose the greedy algorithm retains var-
iants at coordinates g1; g2; . . . ; gp in ascending order. Let
o1;o2; . . . ; oq be the ordered variant coordinates retained by an opti-
mal solution. Let k be the first position where the solutions differ,
i.e. gj¼oj for j<k and gk 6¼ ok. Due to our greedy strategy, ok< gk.
Though ok was chosen by the optimal algorithm, ða; dÞh-compatibil-
ity is not violated until start event for gk is reached. For any path
starting at a later coordinate, retaining variants at gk offers the same
benefit as retaining at ok. Thus, replacing ok with gk will maintain
optimality and ða; dÞh-compatibility. Hence, the greedy solution is
also optimal.

Lemma 1.: The above greedy algorithm solves Problem 1 in O(n) time.

3.1.2 A linear programming solution to Problem 2
Here, we seek to minimize the total number of variants retained.
Interestingly, we can show that optimal solutions still retain or re-
move all variants at a coordinate.

Lemma 2.An optimal solution to Problem 2 either retains or removes all

variants at a coordinate.

Proof. By contradiction. Suppose there exists an optimal reduced graph

G0 with partially removed variants at coordinate i. Coordinate i already

induces an error in some a-long paths in G that contain the coordinate.

Accordingly, removal of all variants at coordinate i can be tolerated by

all a-long paths containing that coordinate, further implying that graph

G0 must be suboptimal. h

Suppose we choose to remove all variants at coordinate i, then
this choice reduces the overall count of variants by outðviÞ " 1,
where outðviÞ is the out-degree of vertex vi. As can be seen, Problem
2 is harder than Problem 1 because the number of variants at differ-
ent coordinates can be different, leading to variable gains. We ad-
dress this problem by using an Integer Linear Programming (ILP)
system that is polynomially solvable using LP relaxation.

Let p1; p2; . . . ; pn be the n variant coordinates in G in ascending
order. Let X be an n( 1 Boolean column vector where X!i$ ¼ 1 iff
variants are removed at coordinate pi in creating G0. Let C be an-
other n( 1 column vector where C!i$ ¼ outðvpi Þ " 1, i.e. the reduc-
tion achieved in variant count by removing variants at pi. The goal
is to maximize CTX. Next, we specify constraints to ensure ða; dÞh-
compatibility of graph G0, by not allowing removal of variants at >
d coordinates in any a-long segment. Similar to the observation
made while addressing Problem 1, it suffices to check this constraint
only in the subset of a-sized segments that end at the n variants.
Accordingly, let A be a Boolean n(n matrix such that A!i$!j$ ¼ 1 iff
coordinate pj is within the a-sized segment range ðpi " a;pi$ of co-
ordinate pi. Then, ILP constraints required to ensure ða; dÞh-com-
patibility of G0 can be specified as A )X * B, where B is an n( 1
column vector with each value ¼ d. We also need to ensure that the
X!i$’s are Boolean. This can be achieved by expanding A to a 2n( n
matrix with the bottom n rows being the n(n identity matrix, and
similarly expanding B to a 2n( 1 vector with the bottom n entries
set to 1. Now, maximizing CTX while satisfying A )X * B leads to
an optimal reduced graph G0 that is ða; dÞh-compatible.

Run-time complexity: Matrix A exhibits a special structure that
guarantees integral optimal LP solutions. Observe that A is a 0–1
matrix, and the 1’s appear consecutively in each row of A which
makes it an interval matrix (Fulkerson and Gross, 1965). As a result,
the above ILP can be solved in polynomial time by solving the corre-
sponding LP, which has OðnxÞ run-time complexity where x is the
exponent of matrix multiplication (van den Brand, 2020).

Lemma 3. The above LP-based algorithm solves Problem 2 in OðnxÞ
time.

Fig. 1. An example to illustrate construction of variation graph from three haplotype sequences

(a) (b)

Fig. 2. (a) Execution of the greedy algorithm on an example variation graph containing SNPs only. The black horizontal bar represents an a-long segment corresponding to
a¼4 and solid circles represent variant coordinates p1; p2; p3 and p4. In the current iteration, variant loci p4 is being retained by the greedy algorithm to avoid exceeding the
error-threshold d¼2. (b) Execution of the LP algorithm on the same variation graph. LP constraints are shown to maximize the count of variants that can be removed from
the variation graph without exceeding the error-threshold d. Edge labels are not shown as they do not affect the execution of either algorithm
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• In a variation graph, each 
haplotype is present as a path



I-What was available?
Initial approches: make use of specifics of the particular population or the 
context of the study; frequency of occurrence,…[Danek et al.’14, Siren et 
al.’14, Pritt et al.’18…]


Recently: Mathematical framework [Tavakoli, Jain, Gibney & Aluru] with 
desirable guarantees 


- Given two parameters  and , minimize the number of variants selected 
by retaining substrings of length up to  with at most  differences


- Eight different problems: which substrings (only from the given 
haplotypes, the whole var. graph), which variants considered (SNPs, 
indels); which objective sought (num. variants, num. of variant loci);

α δ
α δ

4



I-Mathematical framework: The eight problems

An exact, poly-time algorithm for Problem 1; ILP solutions to others (ILP for 
Problem 2 is LP), [Tavakoli, Jain, Gibney & Aluru]

5

NP- hard

Figure 1.6: The outline of our proposed framework, showcasing the contributions of our variant selection method. The framework allows
for the preservation of sequences of length ω while allowing up to ε differences. It considers two options, preserving sequences seen
in the complete variation graph or haplotypes only, and offers a variety of distance metrics, including hamming and edit distance. The
objectives can be to minimize the number of variant coordinates or the number of variants. The problem 3 and 4, and all the haplotype-
aware problems are proven to be NP-hard.

18

(figure from Tavakoli, PhD thesis, GaTech 2023) 



I-Our contributions  

• Revisit Problems 1-4 and develop fast algorithms with provable 
guarantees:


- novel graph-theoretic formulation 


- some problems solved optimally, some others approximately, 
comprehensive experiments with close-to-optimal results in all cases.


Goal: Fast methods with high-quality solutions can be incorporated into 
sequence-to-graph mappers

6



II-Problem definition
•   are  input haplotype sequences


• Represented with the variation graph , with edge-labels 


• Edge-labels in , where  and  is the empty character


• , edge labels of a directed chain on  vertices in ; augmented with 
variants from others:


- An SNP variant: -labeled edge between two adjacent coordinates. 


- A deletion variant: an -labeled edge between two coordinates (deletion-
length apart).


- An insertion variant: a loop of one or more labeled edges at a coordinate.

R1, R2, …, Rm m

𝒢 = (𝒱, ℰ, σ) σ

Σ ∪ {ε} Σ = {A, C, G, T} ε

R1 |R1 | + 1 𝒢

Σ
ε

7Bora Uçar Variant selection problem



II-Problem setting
• A path in  with  edges  a string of length 


• A path visits a vertex at most once; twice if there is an insertion (one insertion at a site)


• The graph contains paths that are substrings of the original haplotypes, and other 
genotypes that are not necessarily in the input


• The variant reduction framework [Jain, Tavakoli, Aluru & Tavakoli, Gibney, Aluru]:

Goal: reduce the graph  to  by selectively removing 
edges and keeping the labels of the retained edges intact.


Constraint: all -length strings corresponding to a path in  are mapped to the same 
starting vertex in  with at most a user-specified error threshold . 

𝒢 α = α

𝒢 = (𝒱, ℰ, σ) 𝒢′￼ = (𝒱, ℰ′￼, σ′￼)

α 𝒢
𝒢′￼ δ

8



II-Problem definition
• The error threshold is defined in terms of Hamming (SNP-only case) or 

edit distance (SNP-and-indels case).


• A reduced graph  is -compatible if all -length paths in  can be 
mapped to their corresponding paths in graph  with Hamming distance 
at most . (The number of positions that differ between an -length path in 

 and its corresponding path in  is less than .)


• -compatible if all -length paths … an edit distance at most . (The 
number of insertions, deletions, and substitutions required to change an 
-length path in  to its corresponding path in   is less than .)

𝒢′￼ (α, δ)h α 𝒢
𝒢′￼

δ α
𝒢 𝒢′￼ δ

(α, δ)e α δ
α

𝒢 𝒢′￼ δ

9



II-Four problems of focus
Problem 1: For a variation graph  where all 
variations are SNPs,  and , find 
-compatible reduced graph  with the 
minimum number of coordinates containing one 
or more variants.


Problem 2: For a variation graph  where all 
variations are SNPs,  and , find 
-compatible reduced graph  with the 
minimum number variants.

𝒢
α δ (α, δ)h

𝒢′￼

𝒢
α δ (α, δ)h

𝒢′￼

10

Problem 3: For a variation graph , find 
-compatible reduced graph  with the 

minimum number of coordinates containing 
one or more variants.

𝒢
(α, δ)e 𝒢′￼

Problem 4: For a variation graph , find 
-compatible reduced graph  with the 

minimum number variants.

𝒢
(α, δ)e 𝒢′￼

At a site, remove all variations or none of them [Jain et al.]



III-Graph formulation
• Undirected graphs derived from variation graphs using the parameter  


• A total ordering on the vertices (coordinates): 

: neighbors of  that the are before ; : neighbors of  that are after . 


Use with + to include , for example .


• The graphs are interval graphs (is a proper subset of chordal graphs)


• Vertices have weights and another attribute called charge:
 vertex weights  and charges  

α

ladj(v) v v hadj(v) v v
v ladj+(v)

Gα = (V, E, w, c) w(v) c(v)

11Bora Uçar Variant selection problem 



III-The graph Gα = (V, E, w, c)

•  are the coordinates of the sites at which 
there are variants in the variation graph . A 
vertex in  for each 


• There is an edge , whenever  is in 
 in the SNP-case 


(deletions: replace  by the left-most position  that can reach 
 with at most  edges with labels from , see [Jain et al.])

p1, …, pn
𝒢

Gα pi

(vi, vj) ∈ E pj
(pi − α, pi]

pi − α pℓ
pi α Σ

starting positions are in !i" aþ 1; i$. For each variant position, we
associate two events with coordinates starti ¼ maxf0; i" aþ 1g
and endi¼ i, respectively. Assuming that the n SNP coordinates are
given as sorted array, the corresponding 2n events can be sorted in
O(n) time. When two events have equal coordinates, the start event
type should be placed earlier than the end event type in the sorted
order.

Our greedy algorithm works as follows. Begin by placing an a-
long segment at position 0, and remove variants in the left-most d
variant positions and retain the rest (if any). Keep a count of the num-
ber of positions within the current segment at which variants are
removed. Iteratively consider each event in the sorted order. If the
event is of type starti and the count is less than d, the variants at pos-
ition i are removed and the count is incremented by one. If the event is
of type starti but the count is equal to d, the variants at position i are
retained. If the event is of type endi and the variants at i were previ-
ously removed, the count is decremented by 1. As can be seen, the al-
gorithm maintains ða; dÞh-compatibility and runs in O(n) time.

Proof of optimality: Suppose the greedy algorithm retains var-
iants at coordinates g1; g2; . . . ; gp in ascending order. Let
o1;o2; . . . ; oq be the ordered variant coordinates retained by an opti-
mal solution. Let k be the first position where the solutions differ,
i.e. gj¼oj for j<k and gk 6¼ ok. Due to our greedy strategy, ok< gk.
Though ok was chosen by the optimal algorithm, ða; dÞh-compatibil-
ity is not violated until start event for gk is reached. For any path
starting at a later coordinate, retaining variants at gk offers the same
benefit as retaining at ok. Thus, replacing ok with gk will maintain
optimality and ða; dÞh-compatibility. Hence, the greedy solution is
also optimal.

Lemma 1.: The above greedy algorithm solves Problem 1 in O(n) time.

3.1.2 A linear programming solution to Problem 2
Here, we seek to minimize the total number of variants retained.
Interestingly, we can show that optimal solutions still retain or re-
move all variants at a coordinate.

Lemma 2.An optimal solution to Problem 2 either retains or removes all

variants at a coordinate.

Proof. By contradiction. Suppose there exists an optimal reduced graph

G0 with partially removed variants at coordinate i. Coordinate i already

induces an error in some a-long paths in G that contain the coordinate.

Accordingly, removal of all variants at coordinate i can be tolerated by

all a-long paths containing that coordinate, further implying that graph

G0 must be suboptimal. h

Suppose we choose to remove all variants at coordinate i, then
this choice reduces the overall count of variants by outðviÞ " 1,
where outðviÞ is the out-degree of vertex vi. As can be seen, Problem
2 is harder than Problem 1 because the number of variants at differ-
ent coordinates can be different, leading to variable gains. We ad-
dress this problem by using an Integer Linear Programming (ILP)
system that is polynomially solvable using LP relaxation.

Let p1; p2; . . . ; pn be the n variant coordinates in G in ascending
order. Let X be an n( 1 Boolean column vector where X!i$ ¼ 1 iff
variants are removed at coordinate pi in creating G0. Let C be an-
other n( 1 column vector where C!i$ ¼ outðvpi Þ " 1, i.e. the reduc-
tion achieved in variant count by removing variants at pi. The goal
is to maximize CTX. Next, we specify constraints to ensure ða; dÞh-
compatibility of graph G0, by not allowing removal of variants at >
d coordinates in any a-long segment. Similar to the observation
made while addressing Problem 1, it suffices to check this constraint
only in the subset of a-sized segments that end at the n variants.
Accordingly, let A be a Boolean n(n matrix such that A!i$!j$ ¼ 1 iff
coordinate pj is within the a-sized segment range ðpi " a;pi$ of co-
ordinate pi. Then, ILP constraints required to ensure ða; dÞh-com-
patibility of G0 can be specified as A )X * B, where B is an n( 1
column vector with each value ¼ d. We also need to ensure that the
X!i$’s are Boolean. This can be achieved by expanding A to a 2n( n
matrix with the bottom n rows being the n(n identity matrix, and
similarly expanding B to a 2n( 1 vector with the bottom n entries
set to 1. Now, maximizing CTX while satisfying A )X * B leads to
an optimal reduced graph G0 that is ða; dÞh-compatible.

Run-time complexity: Matrix A exhibits a special structure that
guarantees integral optimal LP solutions. Observe that A is a 0–1
matrix, and the 1’s appear consecutively in each row of A which
makes it an interval matrix (Fulkerson and Gross, 1965). As a result,
the above ILP can be solved in polynomial time by solving the corre-
sponding LP, which has OðnxÞ run-time complexity where x is the
exponent of matrix multiplication (van den Brand, 2020).

Lemma 3. The above LP-based algorithm solves Problem 2 in OðnxÞ
time.

Fig. 1. An example to illustrate construction of variation graph from three haplotype sequences

(a) (b)

Fig. 2. (a) Execution of the greedy algorithm on an example variation graph containing SNPs only. The black horizontal bar represents an a-long segment corresponding to
a¼4 and solid circles represent variant coordinates p1; p2; p3 and p4. In the current iteration, variant loci p4 is being retained by the greedy algorithm to avoid exceeding the
error-threshold d¼2. (b) Execution of the LP algorithm on the same variation graph. LP constraints are shown to maximize the count of variants that can be removed from
the variation graph without exceeding the error-threshold d. Edge labels are not shown as they do not affect the execution of either algorithm
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III-The problems on the graph Gα = (V, E, w, c)

13

Problem 1’: .                    Problem 2’:  is degree of , ; 


Problems 3’-4’:   as, resp., in Probs 1’-2’.  is an estimated upper bnd. on the 
edit distance if the insertion/deletion variants are removed at site  (indep. from ).


Maximize to remove, translates to minimizing the retained variants in Probs 1-4.

w(vi) = c(vi) = 1 w(vi) pi c(vi) = 1

w(vi) c(vi)
pi pj

Problems 1’-4’: Given  and ,  find a set of vertices  
with the maximum weight , while the charge of  around each , 

, is at most .

Gα = (V, E, w, c) δ ℐ
w(ℐ) ℐ v

c(ladj+(v) ∩ ℐ) δ



III-The nature of the graph problems

14

• For :


- Problem 1’( ) is the maximum independent set (MIS) problem


- Problem 2’ ( , ) is the maximum weight independent set (MWIS) problem


• For : Problems 1’- 2’ generalize, respectively, the MIS and MWIS problems


• Problems 3’-4’ add another extension to the MIS and MWIS problems


• A solution is called a -independent set

δ = 1
w(vi) = c(vi) = 1
w(vi) ≥ 1 c(vi) = 1

δ > 1

δ

Problems 1’-4’: Given  and ,  find a set of vertices  
with the maximum weight , while the charge of  around each , 

, is at most .

Gα = (V, E, w, c) δ ℐ
w(ℐ) ℐ v

c(ladj+(v) ∩ ℐ) δ



IV-Algorithms

• Algorithms for Problems 1' and 2' (poly-time solvable) and show their 
properties.


• Adapt them for Problems 3' and 4’.

15Bora Uçar Variant selection problem



IV-Greedy [Jain, Tavakali, Aluru]

• Greedy for Problem 1’:  visits vertices in the order of their intervals' 
starting position, and includes a vertex in the -independent set  
whenever doing so is feasible.  (feasibility check ).

δ ℐ
c(ladj(v) ∩ ℐ) < δ

16



IV-GreedySort

• GreedySort visits the vertices in a nonincreasing order of 
weights, breaking ties by the order of the vertices (smaller 
first), and includes a vertex into solution if doing so is feasible 

17

w + ϵ

w

ww

w

• Inspired by the heuristics used for the MWIS problem

For MWIS in general, GreedySort is bad 
(Problem 2’, with )δ = 1

w



IV-GreedySort
• Visits the vertices in a nonincreasing order of weights, breaking ties by the 

order of the vertices, and includes a vertex into solution if feasible. 

18

δ-clique δ-clique δ-clique

• In our case (interval graph),  GreedySort is 1/2 
approximate for Problem 2’ when 


• GreedySort is 1/2 approximate for  for 
Problem 2', and this bound is tight

δ = 1

δ ≥ 2

w + ϵ ww



IV-hMWISd: A heuristic for 
max weight -independent setδ

• A linear-time algorithm based on 
an existing algorithm [Frank’75] 
for the MWIS problem in chordal 
graphs


• Exact for Problem 1’ (any )


• Exact for Problem 2’, for 

δ

δ = 1

19
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I whenever doing so is feasible. A vertex 𝐿 can be added in I if
𝑀 (ladj(𝐿) → I) < 𝑁 . For Problem 1’, this is an exact algorithm. We
re-write this as a lemma, whose proof is in [14, Section 3.1.1].

L!""# 3.1. Greedy is exact for Problem 1’, in which𝑂 (𝑃) = 𝑀 (𝑃) = 1
for all vertices 𝐿𝐿 .

3.2 A sorting-based approach
Sorting-based approaches have been used in !nding maximum
weighted and unweighted independent sets in general graphs, see
for example [13, 18]. We discuss their adaptation to our case.

We propose GreedySort, a sorting-based method built upon
Greedy. GreedySort visits the vertices in a nonincreasing order
of weights, breaking ties by the order of the vertices (smaller !rst),
and includes a vertex into the 𝑁-independent set, if doing so is
feasible. This greedy approach performs badly in general graphs;
consider a star of 𝑄 + 1 vertices, where the vertex in the middle has
a weight𝑂 + 𝑅, and all other vertices𝑂 : GreedySort will pick the
middle vertex and none of the others, while the optimal weight is
𝑄 ·𝑂 . In our case, GreedySort performs much better, as shown in
the following lemma, because of the particular form of the graphs
that are considered.

L!""# 3.2. GreedySort is 1/2 approximate for 𝑁 = 1 for Problem 2’.

P$%%&. Let𝑂𝐿 be the weight of an optimal solution. Consider
a vertex 𝐿 in an optimal solution, but not chosen by GreedySort.
Since 𝐿 is not chosen byGreedySort, there must be another vertex𝑆
in ladj(𝐿) ↑ hadj(𝐿) with 𝑂 (𝑆) ↓ 𝑂 (𝐿) chosen by it. If we add
these inequalities up over all such 𝐿 , and !nd the largest number 𝑇
of times the inequalities of the form 𝑂 (𝑆) ↓ 𝑂 (·) appear for a
vertex 𝑆 chosen by GreedySort, then we can bound GreedySort’s
approximation as𝑂𝐿

/𝑇 .
Observe that for any vertex 𝑆, the sets ladj+(𝑆) and hadj+(𝑆) are

both cliques, and hence any feasible solution can have at most two
vertices in ladj+(𝑆) ↑ hadj+(𝑆). In other words, a vertex 𝑆 chosen
by GreedySort can appear in at most two inequalities of the form
𝑂 (𝑆) ↓ 𝑂 (·), concluding the proof. ↭

In the general case of 𝑁 ↓ 2, one expects better performance
from GreedySort, by following the reasoning in the proof above.
This time, for a vertex 𝐿 not to be chosen by GreedySort, there must
be more than 𝑁 vertices with a heavier weight in ladj(𝐿) or hadj(𝐿).
However this is not so, as shown by the following lemma.

L!""# 3.3. GreedySort is 1/2 approximate for 𝑁 ↓ 2 for Prob-
lem 2’, and this bound is tight.

P$%%&. The proof follows along the same lines as before. Let I𝑀
be the set of vertices in an optimal solution, and I𝑁 be the set of
vertices picked by GreedySort.

For each 𝐿 in I𝑀 \ I𝑁 , we can write 𝑁 inequalities of the form
𝑂 (𝑆𝐿 ) ↓ 𝑂 (𝐿), for 𝑃 = 1, . . . , 𝑁 for vertices 𝑆𝐿 ↔ ladj(𝐿) → 𝑈𝑁 ; or
there is a vertex 𝑉 ↔ hadj(𝐿) where𝑆𝐿 ↔ ladj(𝑉)→ 𝑈𝑁 . Each vertex𝑆𝐿
can appear for 𝑁 vertices in hadj(𝑆𝐿 ) and another 𝑁 vertices in
ladj(𝑆𝐿 ). Since ladj(𝐿) ↑hadj(𝐿) →I𝑁 contains at least 𝑁 vertices for
a 𝐿 ↔ I𝑀 \ I𝑁 , the vertex 𝐿 appears in 𝑁 inequalities. This implies
that 2𝑁𝑂 (I𝑁 ) ↓ 𝑁𝑂 (I𝑀 ), hence the proof.

The bound is tight for graphs shown in Figure 1, where we have
three 𝑁-cliques. All vertices of the !rst 𝑁-clique are connected to

δ-clique δ-clique δ-clique

Figure 1: An example in which GreedySort’s performance is
1/2 for any 𝑁 ↓ 1. The !rst and the second cliques, and the
second and the third cliques are fully connected.

all vertices of the second 𝑁-clique (constituting a 2𝑁-clique), and all
vertices of the second 𝑁-clique are connected to all vertices of the
third 𝑁-clique. Assuming a weight of 𝑂 + 𝑅 for all vertices in the
second 𝑁-clique for an in!nitesimal 𝑅, and𝑂 for all other vertices,
GreedySort chooses all 𝑁 vertices in the middle clique, while the
!rst and the third cliques form the optimal solution, completing
the proof. ↭

Figure 1, when 𝑁 = 1, shows also a tight example for Lemma 3.2
which is a three vertex path.

3.3 A linear-time algorithm
We propose hMWISd (a heuristic for a 𝑁-independent set) shown
in Algorithm 1, a linear-time algorithm for the maximum weighted
𝑁-independent set in an interval graph 𝑊 . While we present this
algorithm for interval graphs, it can handle any chordal graph
assuming that the vertices are numbered according to a perfect
elimination ordering.

Algorithm 1: I = hMWISd(𝑊,𝑂 , 𝑁)

Input: 𝑊 , an interval graph, vertices are presented in their
order

Input:𝑂 , the weight of vertices of 𝑊
Output: I, a maximum weighted 𝑁-independent set in 𝑊

𝑋 ↗ 𝑂 /* copy 𝑂 to 𝑋, which is modified */
I ↗ ↘

mark(𝐿) ↗ 0 for each vertex 𝐿
for 𝐿 = 1 to 𝑄 do /* in the given order */

if 𝑋 (𝐿) > 0 then
mark(𝐿) ↗ 1
for 𝑆 ↔ hadj(𝐿) do

𝑋 (𝑆) ↗ 𝑋 (𝑆) ≃ 𝑋 (𝐿)/𝑁

neighsInI(𝐿) ↗ 0 for all 𝐿
for 𝐿 = 𝑄 downto 1 do /* in the reverse order */

if mark(𝐿) = 1 then
if max𝑂↔hadj(𝑃) (𝑄𝑌𝑃𝑍𝑎𝑏𝑈𝑄𝑈 (𝑆)) < 𝑁 then

I ↗ I ↑ {𝐿}
for 𝑆 ↔ {𝐿} ↑ hadj(𝐿) do

neighsInI(𝑆) ↗ neighsInI(𝑆) + 1

The algorithm hMWISd is adapted from an algorithm by Frank [10],
which solves the maximum weight independent set problem in

4



IV-Other algorithms

• Another algorithm hMWISdDec that uses hMWISd  times, by finding 
MWIS at a time


• A dynamic programming formulation, ; small  (num vertices) or  
can be used for Problems 1’-4’.


• For Problems 3’-4’: update the feasibility check for including a vertex in 
the solution.

δ

O(nδ) n δ

20



V-Experiments
• We use the framework by [Jain, Tavakoli, & Aluru] which uses vcftools [Danecek 

et al.] to parse SNPs and indels from the 1000 Genomes Project data. 


• The graphs of all 22 chromosomes (#vertices ~1.0M in chr22 to ~6.8M in chr1) 


• We tested the algorithms with: 

- , and  (average | |= ~5.5, 30, 150, 300 in the 

SNP-only setting, slightly larger in the SNP-and-indels case)  


-  for each  

useful for short and long-read sequencing and low-to-high error tolerance [Jain 
et al.]

α = 150, 1000, 5000 10000 ladj

δ = 0.01α, 0.05α, 0.1α α

21Bora Uçar Variant selection problem 



V-Experiments (Problem 1)
Problem 1: Run time in seconds of various algorithms for  and 

 on the variation graphs for chromosomes 1, 11, and 22.
α = 5000

δ = 100

22
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Figure 3: Performance of di!erent algorithms with respect to the optimal solution for Problem 2, for varying 𝐿 and 𝑀 .

Table 2: Run time in seconds achieved by various algorithms
for 𝐿 =5,000 and 𝑀 =100, on the variation graphs for chromo-
somes 1, 11, and 22.
Chr Gurobi Greedy hMWISd hMWISdDec GreedySort
1 3,944.554 0.100 1.985 11.110 2.386
11 2,948.298 0.063 1.408 5.646 1.500
22 963.736 0.018 0.397 0.982 0.414

problem, the algorithms are not exact. Therefore, we investigate
the quality of the solutions found by the proposed algorithms. A
point in Figure 3 shows the ratio of the number of variants retained
by an algorithm to the optimal solution (on the 𝑁-axis) for di!er-
ent 𝐿 and 𝑀 con"gurations on all 22 chromosome graphs (on the
𝑂-axis). In these plots, the smaller ratios are better, as we want to
minimize the number of variations to be retained while ensuring
(𝐿, 𝑀)𝐿-compatibility. In eight cases with 𝐿 =10,000 and 𝑀 = 100,
the ILP solver timed out due to the associated graphs having a
large number of edges, and the pre-solve and pre-processing of the
Gurobi solver took a long time. In those cases, we have computed
the ratios using the best results at hand. In 10 cases where 𝐿 =10,000
and 𝑀 =1,000, and in another "ve cases where 𝐿 =5,000 and 𝑀 = 500,
the error tolerance was so high that an optimal solution discarded
all the variations; we have chosen not to include them in the results.

As seen in these plots, all algorithms, even Greedy which does
not consider the weights, are very close to the optimal. This is

presumably due to the maximum and minimum weights being 3
and 1 (see Table 1), which is nearly uniform, resulting in problem
instances close to those for which Greedy is exact. Even though the
di!erence is small, GreedySort is the best-performing method—its
maximum deviation from the optimal was for the graph of chro-
mosome 14, 𝐿 =1,000, and 𝑀 = 50, in which case the optimal value
is 24,653 and GreedySort found a solution with retaining 24,665
variations, just two more than the optimal.

In order to assess the performance of the four algorithms in
more challenging cases, we have created a family of interval graphs,
parametrized with 𝑃, the domain of the intervals of vertices; 𝑄, the
number of vertices; and 𝐿 , the length of the intervals. We choose 𝑄
integer points, no repetitions, from [1, 𝑃] as vertices and connect
two vertices with an edge if the corresponding points are less than
𝐿 away from each other. The expected degree of a vertex with these
parameters is ω = 𝑀

𝑁/𝑂 . This setting corresponds to a variation
graph with 𝑄 variation sites. We then assign an integral weight,
sampled uniformly at random between 2 and 𝐿 to each vertex.
In our experiments we use 𝑃 =500,000, 𝑄 =10,000 and 𝐿 = 5,000,
in which case the expected degree ω of a vertex is 100. We then
choose a random 𝑀 in range [2,ω]; as 𝑀 is less than the average
degree of a vertex, the decisions to be made at each vertex are
non-trivial. A graph and a chosen 𝑀 de"ne a problem instance.
We created 2,048 problem instances with the above parameters
and compared the four algorithms with an optimal solution in

7



V-Experiments (Problem 2)
-axis: 22 chromosome graphs; -axis: the ratio of the number of variants retained by 

an algorithm to that retained in an optimal solution (the lower the better performance) 
x y
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Figure 3: Performance of di!erent algorithms with respect to the optimal solution for Problem 2, for varying 𝐿 and 𝑀 .

Table 2: Run time in seconds achieved by various algorithms
for 𝐿 =5,000 and 𝑀 =100, on the variation graphs for chromo-
somes 1, 11, and 22.
Chr Gurobi Greedy hMWISd hMWISdDec GreedySort
1 3,944.554 0.100 1.985 11.110 2.386
11 2,948.298 0.063 1.408 5.646 1.500
22 963.736 0.018 0.397 0.982 0.414

problem, the algorithms are not exact. Therefore, we investigate
the quality of the solutions found by the proposed algorithms. A
point in Figure 3 shows the ratio of the number of variants retained
by an algorithm to the optimal solution (on the 𝑁-axis) for di!er-
ent 𝐿 and 𝑀 con"gurations on all 22 chromosome graphs (on the
𝑂-axis). In these plots, the smaller ratios are better, as we want to
minimize the number of variations to be retained while ensuring
(𝐿, 𝑀)𝐿-compatibility. In eight cases with 𝐿 =10,000 and 𝑀 = 100,
the ILP solver timed out due to the associated graphs having a
large number of edges, and the pre-solve and pre-processing of the
Gurobi solver took a long time. In those cases, we have computed
the ratios using the best results at hand. In 10 cases where 𝐿 =10,000
and 𝑀 =1,000, and in another "ve cases where 𝐿 =5,000 and 𝑀 = 500,
the error tolerance was so high that an optimal solution discarded
all the variations; we have chosen not to include them in the results.

As seen in these plots, all algorithms, even Greedy which does
not consider the weights, are very close to the optimal. This is

presumably due to the maximum and minimum weights being 3
and 1 (see Table 1), which is nearly uniform, resulting in problem
instances close to those for which Greedy is exact. Even though the
di!erence is small, GreedySort is the best-performing method—its
maximum deviation from the optimal was for the graph of chro-
mosome 14, 𝐿 =1,000, and 𝑀 = 50, in which case the optimal value
is 24,653 and GreedySort found a solution with retaining 24,665
variations, just two more than the optimal.

In order to assess the performance of the four algorithms in
more challenging cases, we have created a family of interval graphs,
parametrized with 𝑃, the domain of the intervals of vertices; 𝑄, the
number of vertices; and 𝐿 , the length of the intervals. We choose 𝑄
integer points, no repetitions, from [1, 𝑃] as vertices and connect
two vertices with an edge if the corresponding points are less than
𝐿 away from each other. The expected degree of a vertex with these
parameters is ω = 𝑀

𝑁/𝑂 . This setting corresponds to a variation
graph with 𝑄 variation sites. We then assign an integral weight,
sampled uniformly at random between 2 and 𝐿 to each vertex.
In our experiments we use 𝑃 =500,000, 𝑄 =10,000 and 𝐿 = 5,000,
in which case the expected degree ω of a vertex is 100. We then
choose a random 𝑀 in range [2,ω]; as 𝑀 is less than the average
degree of a vertex, the decisions to be made at each vertex are
non-trivial. A graph and a chosen 𝑀 de"ne a problem instance.
We created 2,048 problem instances with the above parameters
and compared the four algorithms with an optimal solution in
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Figure 3: Performance of di!erent algorithms with respect to the optimal solution for Problem 2, for varying 𝐿 and 𝑀 .

Table 2: Run time in seconds achieved by various algorithms
for 𝐿 =5,000 and 𝑀 =100, on the variation graphs for chromo-
somes 1, 11, and 22.
Chr Gurobi Greedy hMWISd hMWISdDec GreedySort
1 3,944.554 0.100 1.985 11.110 2.386
11 2,948.298 0.063 1.408 5.646 1.500
22 963.736 0.018 0.397 0.982 0.414

problem, the algorithms are not exact. Therefore, we investigate
the quality of the solutions found by the proposed algorithms. A
point in Figure 3 shows the ratio of the number of variants retained
by an algorithm to the optimal solution (on the 𝑁-axis) for di!er-
ent 𝐿 and 𝑀 con"gurations on all 22 chromosome graphs (on the
𝑂-axis). In these plots, the smaller ratios are better, as we want to
minimize the number of variations to be retained while ensuring
(𝐿, 𝑀)𝐿-compatibility. In eight cases with 𝐿 =10,000 and 𝑀 = 100,
the ILP solver timed out due to the associated graphs having a
large number of edges, and the pre-solve and pre-processing of the
Gurobi solver took a long time. In those cases, we have computed
the ratios using the best results at hand. In 10 cases where 𝐿 =10,000
and 𝑀 =1,000, and in another "ve cases where 𝐿 =5,000 and 𝑀 = 500,
the error tolerance was so high that an optimal solution discarded
all the variations; we have chosen not to include them in the results.

As seen in these plots, all algorithms, even Greedy which does
not consider the weights, are very close to the optimal. This is

presumably due to the maximum and minimum weights being 3
and 1 (see Table 1), which is nearly uniform, resulting in problem
instances close to those for which Greedy is exact. Even though the
di!erence is small, GreedySort is the best-performing method—its
maximum deviation from the optimal was for the graph of chro-
mosome 14, 𝐿 =1,000, and 𝑀 = 50, in which case the optimal value
is 24,653 and GreedySort found a solution with retaining 24,665
variations, just two more than the optimal.

In order to assess the performance of the four algorithms in
more challenging cases, we have created a family of interval graphs,
parametrized with 𝑃, the domain of the intervals of vertices; 𝑄, the
number of vertices; and 𝐿 , the length of the intervals. We choose 𝑄
integer points, no repetitions, from [1, 𝑃] as vertices and connect
two vertices with an edge if the corresponding points are less than
𝐿 away from each other. The expected degree of a vertex with these
parameters is ω = 𝑀

𝑁/𝑂 . This setting corresponds to a variation
graph with 𝑄 variation sites. We then assign an integral weight,
sampled uniformly at random between 2 and 𝐿 to each vertex.
In our experiments we use 𝑃 =500,000, 𝑄 =10,000 and 𝐿 = 5,000,
in which case the expected degree ω of a vertex is 100. We then
choose a random 𝑀 in range [2,ω]; as 𝑀 is less than the average
degree of a vertex, the decisions to be made at each vertex are
non-trivial. A graph and a chosen 𝑀 de"ne a problem instance.
We created 2,048 problem instances with the above parameters
and compared the four algorithms with an optimal solution in
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Figure 3: Performance of di!erent algorithms for Problem 2, for varying 𝐿 and 𝑀 . 𝑁-axis: 22 chromosome graphs; 𝑂-axis: the
ratio of the number of variants retained by an algorithm to that retained in an optimal solution—lower values indicate better
performance. Nothing is plotted for problems in which the optimal solution retained only the reference haplotype.

Table 2: Run time in seconds of various algorithms for
𝐿 =5,000 and 𝑀 =100, on the variation graphs for chromo-
somes 1, 11, and 22.
Chr Gurobi Greedy hMWISd hMWISdDec GreedySort
1 3,944.554 0.100 1.985 11.110 2.386
11 2,948.298 0.063 1.408 5.646 1.500
22 963.736 0.018 0.397 0.982 0.414

by an algorithm to the optimal solution (on the 𝑂-axis) for di!er-
ent 𝐿 and 𝑀 con"gurations on all 22 chromosome graphs (on the
𝑁-axis). In these plots, the smaller ratios are better, as we want to
minimize the number of variations to be retained while ensuring
(𝐿, 𝑀)𝐿-compatibility. In eight cases with 𝐿 =10,000 and 𝑀 = 100,
the ILP solver timed out due to the associated graphs having a
large number of edges, and the pre-solve and pre-processing of the
Gurobi solver took a long time. In those cases, we have computed
the ratios using the best results at hand. In 10 cases where 𝐿 =10,000
and 𝑀 =1,000, and in another "ve cases where 𝐿 =5,000 and 𝑀 = 500,
the error tolerance was so high that an optimal solution discarded
all the variations; we have chosen not to include them in the results.

As seen in these plots, all algorithms, even Greedy which does
not consider the weights, are very close to the optimal. This is
presumably due to the maximum and minimum weights being 3
and 1 (see Table 1), which is nearly uniform, resulting in problem

instances close to those for which Greedy is exact. Even though the
di!erence is small, GreedySort is the best-performing method—its
maximum deviation from the optimal was for the graph of chro-
mosome 14, 𝐿 =1,000, and 𝑀 = 50, in which case the optimal value
is 24,653 and GreedySort found a solution with retaining 24,665
variations, just two more than the optimal.

In order to assess the performance of the four algorithms in
more challenging cases, we have created a family of interval graphs,
parametrized with 𝑃, the domain of the intervals of vertices; 𝑄, the
number of vertices; and 𝐿 , the length of the intervals. We choose
𝑄 integer points, no repetitions, from [1, 𝑃] as vertices and con-
nect two vertices with an edge if the corresponding points are less
than 𝐿 away from each other. The expected degree of a vertex is
ω = 𝑀

𝑁/𝑂 . This setting corresponds to a variation graph with 𝑄 vari-
ation sites. We then assign an integral weight, sampled uniformly
at random between 2 and 𝐿 to each vertex. In our experiments we
use 𝑃 =500,000, 𝑄 =10,000 and 𝐿 = 5,000, in which case the expected
degree ω of a vertex is 100. We then choose a random 𝑀 in range
[2,ω]; as 𝑀 is less than the average degree of a vertex, the decisions
to be made at each vertex are non-trivial. A graph and a chosen
𝑀 de"ne a problem instance. We created 2,048 problem instances
with the above parameters and compared the four algorithms with
an optimal solution in terms of the weight of the set to be removed
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Figure 4: Performance of di!erent algorithms for Problem 4, for varying 𝐿 and 𝑀 . 𝑁-axis: 22 chromosome graphs; 𝑂-axis: the
ratio of the number of variants retained by an algorithm to that retained in an optimal solution. In the "rst two column of
plots, Greedy and hMWISd have similar performance, while GreedySort performs better than both globally.

obtained solutions with values, respectively, 79,094 and 6,393. This
was one of the extreme cases, as the initial variation graph is largely
reduced (the number of variant containing positions was reduced
from 2,323,202 to 25). The next largest ratio of any solution found by
GreedySort was 1.15 on the graph of chromosome 9, with 𝐿 =1,000,
𝑀 = 100; the optimal , GreedySort’, Greedy’, and hMWISd’s values
were 129,031, 149,400, 612,339, and 325,244, respectively. In all other
instances, the largest ratio of a solution found by GreedySort to the
optimal value was 1.09. We thus conclude that GreedySort is the
method of choice for Problem 4’ for a wide range of parameters.

Recall that GreedySort’s comparison function accesses two dif-
ferent arrays, and hMWISd visits vertices to ensure maximality—in
most cases one pass was su!cient. These increase run time slightly,
while allowing both heuristics to complete in a fraction of the run
time of the Gurobi solver. For example, on the graph of chromo-
some 1, with 𝐿 =5,000 and 𝑀 = 250, GreedySort runs in 11.5 seconds
(its result is 1.02 of the optimal) hMWISd runs in 23.5 seconds (its
result is 1.12 of the optimal), Greedy completes in 0.45 seconds (is
result is 1.42 of the optimal), and Gurobi runs in 8,498.1 seconds.

5 CONCLUSION AND FUTUREWORK
We have revisited four variant selection problems in a mathematical
framework that allows provable guarantees concerning the retained
variants. Prior work in this area proposed a practical heuristic with-
out any performance guarantee in general, and integer linear pro-
gramming formulations to solve the problems exactly. We have
improved upon this work by proposing three heuristics and a dy-
namic programming formulation for two of these problems which
are solvable in polynomial time, and adapted two of these heuris-
tics for the remaining two NP-hard problems. Our heuristics are
designed to be fast, robust, and deliver optimal or near-optimal
results for all problems, some of which with provable guarantees.
In particular, the most versatile and e"ective heuristic (GreedySort)
is optimal for the #rst problem, 1/2 approximate for the second one,
and has yielded results that are within 1.08 of the optimal for the
NP-hard problems. This method is also very fast: it takes only a few
seconds on one of the largest problem instances, while obtaining
a solution within a factor 1.02 of the optimal.

To the best of our knowledge, the graph theoretical formulation
of Problems 3 and 4 gives rise to new independent set-like problems.
There are multiple opportunities to explore this connection. One
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Figure 4: Performance of di!erent algorithms for Problem 4, for varying 𝐿 and 𝑀 . 𝑁-axis: 22 chromosome graphs; 𝑂-axis: the
ratio of the number of variants retained by an algorithm to that retained in an optimal solution. In the "rst two column of
plots, Greedy and hMWISd have similar performance, while GreedySort performs better than both globally.

obtained solutions with values, respectively, 79,094 and 6,393. This
was one of the extreme cases, as the initial variation graph is largely
reduced (the number of variant containing positions was reduced
from 2,323,202 to 25). The next largest ratio of any solution found by
GreedySort was 1.15 on the graph of chromosome 9, with 𝐿 =1,000,
𝑀 = 100; the optimal , GreedySort’, Greedy’, and hMWISd’s values
were 129,031, 149,400, 612,339, and 325,244, respectively. In all other
instances, the largest ratio of a solution found by GreedySort to the
optimal value was 1.09. We thus conclude that GreedySort is the
method of choice for Problem 4’ for a wide range of parameters.

Recall that GreedySort’s comparison function accesses two dif-
ferent arrays, and hMWISd visits vertices to ensure maximality—in
most cases one pass was su!cient. These increase run time slightly,
while allowing both heuristics to complete in a fraction of the run
time of the Gurobi solver. For example, on the graph of chromo-
some 1, with 𝐿 =5,000 and 𝑀 = 250, GreedySort runs in 11.5 seconds
(its result is 1.02 of the optimal) hMWISd runs in 23.5 seconds (its
result is 1.12 of the optimal), Greedy completes in 0.45 seconds (is
result is 1.42 of the optimal), and Gurobi runs in 8,498.1 seconds.

5 CONCLUSION AND FUTUREWORK
We have revisited four variant selection problems in a mathematical
framework that allows provable guarantees concerning the retained
variants. Prior work in this area proposed a practical heuristic with-
out any performance guarantee in general, and integer linear pro-
gramming formulations to solve the problems exactly. We have
improved upon this work by proposing three heuristics and a dy-
namic programming formulation for two of these problems which
are solvable in polynomial time, and adapted two of these heuris-
tics for the remaining two NP-hard problems. Our heuristics are
designed to be fast, robust, and deliver optimal or near-optimal
results for all problems, some of which with provable guarantees.
In particular, the most versatile and e"ective heuristic (GreedySort)
is optimal for the #rst problem, 1/2 approximate for the second one,
and has yielded results that are within 1.08 of the optimal for the
NP-hard problems. This method is also very fast: it takes only a few
seconds on one of the largest problem instances, while obtaining
a solution within a factor 1.02 of the optimal.

To the best of our knowledge, the graph theoretical formulation
of Problems 3 and 4 gives rise to new independent set-like problems.
There are multiple opportunities to explore this connection. One
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obtained solutions with values, respectively, 79,094 and 6,393. This
was one of the extreme cases, as the initial variation graph is largely
reduced (the number of variant containing positions was reduced
from 2,323,202 to 25). The next largest ratio of any solution found by
GreedySort was 1.15 on the graph of chromosome 9, with 𝐿 =1,000,
𝑀 = 100; the optimal , GreedySort’, Greedy’, and hMWISd’s values
were 129,031, 149,400, 612,339, and 325,244, respectively. In all other
instances, the largest ratio of a solution found by GreedySort to the
optimal value was 1.09. We thus conclude that GreedySort is the
method of choice for Problem 4’ for a wide range of parameters.

Recall that GreedySort’s comparison function accesses two dif-
ferent arrays, and hMWISd visits vertices to ensure maximality—in
most cases one pass was su!cient. These increase run time slightly,
while allowing both heuristics to complete in a fraction of the run
time of the Gurobi solver. For example, on the graph of chromo-
some 1, with 𝐿 =5,000 and 𝑀 = 250, GreedySort runs in 11.5 seconds
(its result is 1.02 of the optimal) hMWISd runs in 23.5 seconds (its
result is 1.12 of the optimal), Greedy completes in 0.45 seconds (is
result is 1.42 of the optimal), and Gurobi runs in 8,498.1 seconds.

5 CONCLUSION AND FUTUREWORK
We have revisited four variant selection problems in a mathematical
framework that allows provable guarantees concerning the retained
variants. Prior work in this area proposed a practical heuristic with-
out any performance guarantee in general, and integer linear pro-
gramming formulations to solve the problems exactly. We have
improved upon this work by proposing three heuristics and a dy-
namic programming formulation for two of these problems which
are solvable in polynomial time, and adapted two of these heuris-
tics for the remaining two NP-hard problems. Our heuristics are
designed to be fast, robust, and deliver optimal or near-optimal
results for all problems, some of which with provable guarantees.
In particular, the most versatile and e"ective heuristic (GreedySort)
is optimal for the #rst problem, 1/2 approximate for the second one,
and has yielded results that are within 1.08 of the optimal for the
NP-hard problems. This method is also very fast: it takes only a few
seconds on one of the largest problem instances, while obtaining
a solution within a factor 1.02 of the optimal.

To the best of our knowledge, the graph theoretical formulation
of Problems 3 and 4 gives rise to new independent set-like problems.
There are multiple opportunities to explore this connection. One

• On Problem 3, similar 
performance (the optimum vals 
are close)


• GreedySort 1.08 (worst case)


• Run time (secs) on the largest, 

- GreedySort: 11.25

- ILP with Gurobi: 8498.1


• Challenging synth. instances: 

- GreedySort: 1.88 

- others goes beyond 10-20 



VI-Conclusion and future work
• Revisited four variant selection problems in a mathematical framework that allows guarantees

• Prior work: a practical heuristic without any performance guarantee, and ILP formulations 

• Proposed three heuristics with provable properties for some problems, and a dyn. prog.

• Our heuristics are fast, robust, and deliver optimal or near-optimal results for all problems.


• Future work:

- faster dynamic programming approach

- haplotype-aware versions of the problems

- other types of variations and genome graphs 


• Codes are available:

- https://github.com/ParBLiSS/Variant_Framework (original variant framework by Jain, Tavakoli, Aluru)

- Our codes https://gitlab.inria.fr/bora-ucar/vf-graphs


Thank you!
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